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Abstract

The rise of omnichannel production systems has transformed various industries, introduc-
ing new challenges in demand and operations management. One notable development is the
adoption of dynamic pricing in omnichannel production systems, as evidenced by recent de-
velopments in the restaurant industry. Motivated by these trends, we develop a stochastic
processing network model for a multiclass omnichannel hybrid production system serving het-
erogeneous, price- and delay-sensitive customers. The firm offers a mix of make-to-order (MTO)
and make-to-stock (MTS) goods, available through both walk-in and online channels, at multiple
quote times. MTO orders incur earliness and tardiness costs, while MTS orders incur tardiness
and inventory holding costs. Walk-in customers are impatient and may abandon if their waiting
time is excessive. The objective is to maximize the long-run average expected profit through
dynamic pricing, production scheduling, and order rejection decisions. Since this problem ap-
pears analytically intractable, we consider an approximating Brownian control problem in the
heavy-traffic regime. We prove that the optimal policy is a two-sided barrier policy with a
state-dependent drift rate, for which we derive a closed-form solution. We then propose a joint
dynamic pricing, scheduling, and rejection policy by interpreting this solution in the context of
the original production system. Finally, we demonstrate the effectiveness of our proposed policy
through a comprehensive simulation study and offer several managerial insights. For instance,
we show that the value of dynamic pricing is greatest when demand is predominantly online
or MTS, and that dynamically pricing the online channel alone—while keeping walk-in prices

fixed—can yield substantial gains, making it a natural entry point for implementation.
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1 Introduction

Omnichannel systems, which integrate multiple demand channels, have become increasingly prevalent across
many industries, such as retail, healthcare, and hospitality. Production systems have also embraced om-

nichannel practices, giving rise to omnichannel production, in which the production and fulfillment processes



are dynamically coordinated across multiple channels. The restaurant industry exemplifies this trend, as
restaurants must simultaneously manage both walk-in and online orders. Online sales now account for a
substantial portion of restaurant revenue. In 2023, U.S. restaurant sales surpassed $1 trillion for the first
time, with online orders accounting for 23% of total sales (National Restaurant Association, 2024; Touch-
Bistro, 2024b). Starbucks, for instance, reports that mobile orders now account for over 30% of all U.S. sales
(Soper, 2024). This trend continues to accelerate, with 25% of restaurants reporting a significant increase in

online sales over the past year (TouchBistro, 2025).

The integration of multiple customer channels enhances flexibility and expands market reach, but it also
introduces significant operational challenges for production systems. Many such systems, including restau-
rants, must coordinate fulfillment across both walk-in and online channels while managing the production
of make-to-order (MTO) and make-to-stock (MTS) goods. MTO goods, such as customizable meals and
beverages, can be tailored to customer specifications and are produced only after an order is received. Their
preparation must be carefully timed, particularly for online MTO orders: if prepared too early, they incur
earliness costs, as food degrades in quality before the customer arrives—leading, for example, to “lukewarm
lattes” or “cold burritos” (Ghosh et al., 2023). According to a recent industry report, receiving cold food is a
leading complaint, with 20% of diners citing it as their biggest frustration (TouchBistro, 2024a). In contrast,
MTS goods, such as premade drinks and salads, can be prepared in advance and stocked for immediate sale,
but they incur holding costs. Regardless of product type, tardiness costs arise when orders are delayed—a
common source of customer dissatisfaction, with about 12% of diners citing food not being ready upon arrival
as their biggest frustration (TouchBistro, 2024a). Walk-in customers are particularly impatient: if waiting
times are too long, they may abandon their purchase entirely. More than half of diners indicate they would

leave the restaurant if their wait exceeds 30 minutes (TouchBistro, 2024a).

To address these challenges, omnichannel production systems are increasingly adopting automation and
intelligent pricing strategies to optimize their operations. This is particularly important in the restaurant
industry, given its traditionally tight profit margins. Many restaurants have already integrated automation
into key aspects of their operations, including online ordering, staff scheduling, and inventory management
(TouchBistro, 2025). For example, Starbucks is improving its operations to address persistently long waiting
times. As reported by The Wall Street Journal, the company has developed a rules-based order scheduling
algorithm to replace its previous first-come, first-served fulfillment strategy (Haddon and Bousquette, 2025);
see also Rogers (2024) and QSR Magazine (2025). The algorithm has already reduced waiting times by
two minutes at pilot locations. Starbucks is also experimenting with scheduling specific pickup times for
mobile orders and training baristas to time order preparation based on factors like order complexity, aiming

to prevent drinks from sitting out before the customer arrives.

As restaurants seek more ways to manage congestion and reduce waiting times, one emerging approach

is dynamic pricing. The increasing adoption of digital menus and online ordering platforms has made it



easier to adjust prices dynamically in response to congestion.! Although still in its early stages, dynamic
pricing has already shown measurable success in the restaurant industry, with multiple startups, including
Chowly, DynamEat, Juicer, Priceff, and Sauce, developing dynamic pricing solutions tailored to restaurants.
These strategies are already being implemented. For example, Sauce has helped Piada Italian Street Food
increase profits and reduce waiting times (Sauce Technologies, 2025). Other major restaurant chains, such
as Koti Pizza (Finland’s largest pizza chain) and Noodles & Company (a U.S.-based pasta chain), have also
reported success with dynamic pricing (Hynum, 2021; Clyne-Canham, 2023b). These examples reflect a

broader trend, with many other restaurants adopting congestion pricing and reporting success.

Motivated by these recent industry trends, this paper develops a stochastic processing network model
for a multiclass omnichannel hybrid production system that serves heterogeneous, price- and delay-sensitive
customers. The firm offers a mix of MTO and MTS goods through walk-in and online channels, with online
customers selecting from multiple predetermined quote times. The firm seeks to maximize the long-run
average expected profit by jointly making dynamic pricing, scheduling, and order rejection (i.e., admission
control) decisions. Scheduling decisions consist of two types of activities: production and reallocation. Pro-
duction activities involve manufacturing goods, while reallocation activities redirect available MTS inventory
to satisfy online orders. Reallocation activities are needed because, unlike MTO goods, which must be pro-
duced specifically for each order, MTS goods are inherently flexible in that they can be used to satisfy
demand from either channel. MTO orders incur earliness and tardiness costs, while MTS orders incur tar-
diness and holding costs. Finally, walk-in customers are impatient and may abandon the system if waiting

times are excessive, resulting in abandonment costs.

Because the joint dynamic pricing, scheduling, and rejection control problem is analytically and com-
putationally intractable, this paper adopts the methodology proposed by Harrison (1988, 2000, 2003) and
analyzes the system in the heavy-traffic regime, where the system capacity is nearly fully utilized. In this
regime, the original system can be approximated by a diffusion control problem, known as the Brownian
control problem. We prove that the Brownian control problem is equivalent to a one-dimensional drift rate
control problem, whose state process—referred to as the workload process—represents the total backlog in
the system measured in hours of total work. We solve this drift rate control problem by solving the associated
Bellman equation and establish that the optimal policy is a two-sided barrier policy with a state-dependent
drift rate, for which we derive a closed-form solution. The optimal policy comprises a drift rate control
policy, a workload configuration policy, and a two-sided barrier policy. The rejection and idling processes
maintain the workload process between the lower and upper barriers, respectively. Between the two barriers,
the drift rate and workload configuration policies control the workload, which are ultimately interpreted as

dynamic pricing and scheduling policies for the original production system.

This paper extends the existing literature by making several key modeling contributions. First, we

"While congestion pricing is relatively new to the restaurant industry, time-of-day pricing strategies have existed
for decades, including happy hours and early bird specials.



consider a multiclass hybrid production system, thereby extending earlier models that exclusively focus
on either MTO or MTS goods. Research on hybrid production systems remains relatively limited, and this
paper contributes to the understanding of their operational complexities. Second, we consider an omnichannel
production system where each good is offered at multiple quote times, thereby extending the literature (see,
e.g., Farahani et al. (2022) and Gao et al. (2023a)) which focuses on a single MTO good offered at a single
quote time. A distinguishing feature of our model is that, since MTS goods can be produced in advance,
their inventory can be used to fulfill demand across all channels requesting the same good. Consequently,
the presence of online MTS goods necessitates a more complex modeling framework than conventional
queueing systems, requiring a stochastic processing network model that accommodates both production
and reallocation activities. Third, to the best of our knowledge, this is the first paper to study dynamic
pricing in omnichannel or hybrid production systems—Iet alone in an integrated omnichannel hybrid setting.
Notably, although the importance of dynamic pricing in the restaurant industry has long been recognized
(see, e.g., Kimes and Beard (2013) and Roy et al. (2022)), research on this topic remains limited. Finally,
we incorporate customer abandonment, which fundamentally impacts both the analysis and the structure of
our proposed policy. In the presence of customer abandonment, the system manager cannot rely on greedy
workload distribution policies based solely on immediate costs; instead, the optimal configuration crucially

depends on the workload level, state costs, and the value function.

This paper makes several technical contributions and reveals structural insights. From a technical per-
spective, we solve a drift rate control problem with convex piecewise linear state costs, endogenously deter-
mined reflecting barriers, and a workload configuration that depends jointly on the system workload and
the value function. A key challenge in this analysis arises from the distinct cost structure induced by the
interplay between the online channel, MTO and MTS goods, and customer abandonment. This leads to
a Bellman equation whose structure varies across workload levels, requiring a careful treatment of several
technical subtleties to derive the solution explicitly. Our analysis also yields several structural insights.
First, the pricing, rejection, and scheduling decisions depend primarily on the aggregate workload, which
evolves on a slower time scale than the underlying demand and production processes; as a result, prices
change slowly over time. Second, in large systems, the magnitude of the prescribed price adjustments is
small, which aligns with customer and regulatory preferences (Clyne-Canham, 2023a). Third, as the backlog
of work increases and inventory levels decrease, prices should be adjusted to decrease the effective demand
rate, and scheduling decisions should be adjusted to maintain a low effective state cost (comprising earliness,
tardiness, holding, and abandonment costs). Finally, order rejection is worthwhile only when the backlog of

work is excessive, and it is sufficient to reject orders from a single class.

The simulation study offers several key managerial insights into when dynamic pricing delivers the
greatest value in omnichannel hybrid production systems. First, the value of dynamic pricing (relative to
static pricing) increases with the system load, making it particularly effective for heavily loaded systems.

Second, the value of dynamic pricing decreases with the abandonment rate; that is, abandonments serve as a



partial substitute for dynamic pricing by reducing the effective server utilization. Third, the value of dynamic
pricing increases with the share of online demand. As such, businesses with substantial online demand—or
the ability to shift demand online—stand to gain the most from dynamic pricing. A similar pattern, albeit
to a lesser extent, holds for MTS demand, suggesting that businesses with significant MTS demand are also
well-positioned to benefit from dynamic pricing. Finally, for businesses with a non-negligible share of online
demand, dynamically pricing the online channel alone yields substantial gains. Focusing first on the online

channel thus offers a natural entry point for adopting dynamic pricing before broader deployment.

The rest of this paper is organized as follows. Section 2 reviews the related literature. Section 3
presents the model and problem formulation. Section 4 introduces a Brownian approximation of the original
control problem, and Section 5 reformulates it as a lower-dimensional, more tractable stochastic control
problem known as the equivalent workload formulation. Section 6 solves the equivalent workload formulation.
Section 7 proposes a solution to the original control problem using the solution to the equivalent workload
formulation. Section 8 evaluates the effectiveness of the proposed policy through an extensive simulation
study and offers several managerial insights. Several appendices supplement the main body. Appendix A
provides a formal derivation of the Brownian control problem introduced in Section 4. Appendix B solves
the Bellman equation introduced in Section 6. Appendix C contains the proofs of the main technical results

from Sections 4-6. Appendix D provides supplementary material for the simulation study in Section 8.

2 Literature Review

This paper relates to four main streams of literature: (i) scheduling of production systems, (ii) control of
queueing systems, (iii) dynamic pricing of production and queueing systems, and (iv) control of omnichannel
systems. The first stream of literature studies scheduling in production systems, a well-established area of
research; see Nahmias and Olsen (2015, Chapter 9) for an overview. Most of the literature has focused
on either MTS or MTO production systems. The earliest work on MTS production scheduling is Wein
(1992), which proposes a dynamic scheduling policy for a multiclass MTS system using heavy-traffic analysis.
Subsequent notable contributions on scheduling of MTS production systems include Veatch and Wein (1996),
Perez and Zipkin (1997), de Véricourt et al. (2000), Xu and Chao (2009), and Ozkan and Tan (2025); see
Ata and Barjesteh (2022) for an overview. Similarly, research on MTO production systems is extensive, with
some notable papers including Plambeck (2004), Ata (2006), Ata and Olsen (2009), Rubino and Ata (2009),
Afeche and Pavlin (2016), Chen et al. (2022b), and Sun and Zhu (2024).

Despite their widespread industry prevalence, hybrid production systems, which combine MTS and MTO
production, have received considerably less attention; see Peeters and van Ooijen (2020) for an overview.
An early paper in this area is Carr and Duenyas (2000), which considers a two-product hybrid production

system where MTS demand must be met through available inventory or an external supplier at a cost, while



the MTO demand can be rejected. The system manager makes scheduling decisions for both products and
admission control decisions for the MTO product, and shows that the optimal policy is characterized by a
switching curve. Iravani et al. (2012) extends Carr and Duenyas (2000) by allowing backlogging for MTS
orders, and shows similar structural properties. The closest paper to ours in this stream is Markowitz and
Wein (2001), which studies the scheduling of a multiclass hybrid production system with switching costs in
heavy traffic. While it shares certain features with ours, such as quote times and earliness/tardiness costs, it
focuses on dynamic cyclic policies due to switching costs and relies on computational methods. In contrast,
our paper assumes zero switching costs, incorporates admission control and pricing decisions, and derives a

closed-form solution to the diffusion control problem.

The second stream of literature studies the control of queueing systems; see Stidham (2002) for an
overview. From a methodological perspective, our paper builds on the literature of dynamic control of
queueing systems in heavy traffic, pioneered by Harrison (1988, 2000, 2003). The standard approach is to
approximate the original queueing system with a Brownian system, resulting in a more tractable formulation.
Early examples of this approach include Harrison and Wein (1989), which studies optimal sequencing for a
crisscross network, and Harrison and Wein (1990), which studies a multiclass two-station closed queueing
network. Since then, this approach has been used to study a wide range of queueing problems; see, e.g.,
Plambeck et al. (2001), Plambeck (2004), Ata and Olsen (2009), Ata and Tongarlak (2013), Ghamami and
Ward (2013), Kim et al. (2018), and Ozkan and van Houtum (2023).

In the heavy-traffic literature, pricing and service rate control problems are typically approximated by
drift rate control problems for the Brownian system. A seminal paper in this area is Ata et al. (2005),
which studies a drift rate control problem of a reflected Brownian motion on a bounded interval. Ghosh
and Weerasinghe (2007) extends Ata et al. (2005) by incorporating nondecreasing holding costs with an
endogenously chosen upper barrier. Several papers have studied applications of drift rate control; see, e.g.,
Ata (2006), Ghosh and Weerasinghe (2010), Budhiraja et al. (2011), Ata and Tongarlak (2013), Weerasinghe
(2015), Ata et al. (2019), Ata and Barjesteh (2022), Alwan et al. (2024), and Ata et al. (2024).

Dynamic control of queueing systems with abandonments in heavy traffic has also received some atten-
tion. Much of this literature assumes exponential patience times, as we do, which results in a linear drift
rate in the Brownian control problem; see, e.g., Ward and Kumar (2008), Ghosh and Weerasinghe (2010),
Ata and Tongarlak (2013), Ghamami and Ward (2013), and Ibrahim et al. (2017). For extensions that
consider non-exponential patience times, see Reed and Ward (2008), Ibrahim and Whitt (2009), Bassamboo
and Randhawa (2015), and Kim et al. (2018). Our paper builds on the abandonment literature by studying
an omnichannel hybrid production system and incorporating pricing. We show that in such systems, aban-
donments do not impact the workload process when it is below a threshold dictated by the server utilization
and quote times of the online classes. However, above this threshold, abandonments generate a negative

drift rate in the workload process. Also, pricing and rejection decisions crucially depend on abandonment



rates and costs.

The third stream of literature studies dynamic pricing of production and queueing systems; see Gallego
and Topaloglu (2019) for an overview. Some studies adopt a dynamic programming approach (Ata and Sh-
neorson, 2006), some use greedy heuristics (Wu et al., 2024) and others, including our work, employ diffusion
approximations (Ata and Olsen, 2009; Kim and Randhawa, 2017; Alwan et al., 2024). The most related
papers are Celik and Maglaras (2008) and Ata and Barjesteh (2022). Celik and Maglaras (2008) studies
a multiclass MTO production system with multiple predetermined lead times, where the system manager
makes dynamic pricing, lead-time quotation, scheduling, and expediting control decisions to maximize the
long-run average expected profit. We build on this paper by incorporating MTS products, the walk-in chan-
nel, state (earliness, tardiness, and holding) costs, and customer abandonments. Ata and Barjesteh (2022)
studies a multiclass MTS production system with linear holding and backlogging costs, where the system
manager makes dynamic pricing, outsourcing, and scheduling decisions to maximize the long-run average
expected profit. Gao and Huang (2023) extends this paper by incorporating strictly convex state costs and
proving asymptotic optimality. We build on Ata and Barjesteh (2022) by incorporating MTO products, the
online channel (with its unique cost structure), and customer abandonments. Our problem leads to a novel
workload formulation, in which the state cost function is a non-V-shaped, piecewise linear function that
depends on the value function. Our scheduling policy is nongreedy (due to abandonments) and may idle
even with a positive workload (due to the online classes). Our pricing policy also crucially depends on the

quote times, state costs, abandonment rates, and abandonment costs.

The literature on lead-time quotation typically imposes rigid due-date constraints, as in Plambeck (2004),
Celik and Maglaras (2008), and Afeche (2013). However, in many applications—such as restaurants—orders
may be fulfilled before or after the quoted time, incurring earliness or tardiness costs, respectively. The
literature explicitly modeling earliness and tardiness costs remains limited. Early papers, such as Pandelis
and Teneketzis (1994) and Righter (1996), restrict to non-idling scheduling policies. But, as Markowitz and
Wein (2001) and Farahani et al. (2022) correctly note, idling is a critical component in systems with earliness
costs. Accordingly, we do not impose a non-idling constraint. Farahani et al. (2022) considers an online food-
ordering service with a single class of customers and a single quote time. The objective is to minimize the
long-run average expected earliness and tardiness costs by making scheduling decisions. The paper proposes
a family of static threshold policies, where the server operates only when the time remaining until the
pick-up time of the head-of-line customer drops below a threshold. They prove asymptotic optimality of
static threshold policies in several regimes. An closely related paper to ours is Gao et al. (2023a), which
extends this line of work by introducing a walk-in class, thereby giving rise a two-class omnichannel service
system. The objective is to minimize the long-run average expected cost by making dynamic scheduling and
order rejection decisions. We build on Gao et al. (2023a) by incorporating MTS products, multiple goods,
multiple quote times, abandonments, and dynamic pricing. These features give rise to a fundamentally

different workload formulation, for which we propose a closed-form solution.



The fourth stream of literature studies the control of omnichannel systems, with most research focusing
on omnichannel retail; see Hiibner et al. (2022) for an overview. In omnichannel retail, goods are ordered
in advance and inventoried to meet demand across multiple channels. In contrast, omnichannel production,
which is the focus of this paper, involves producing goods using limited server capacity to meet demand.
Within omnichannel retail, some explored topics include the impact of self-order technologies (Gao and Su,
2018), information sharing (Roet-Green and Yuan, 2020; Baron et al., 2023; Roet-Green and Yang, 2024),
pricing decisions (Harsha et al., 2019), return policy decisions (Nageswaran et al., 2020), and fulfillment
for online orders (Gao et al., 2023b; Baron et al., 2024; Guo et al., 2024). Closer to our setting is the
emerging literature on omnichannel service systems; see, e.g., Gao and Su (2018), Chen et al. (2022a), Gao
et al. (2023a), Ghosh et al. (2023), and Kang et al. (2024). A production system composed solely of MTO
products resembles a service system, with production occurring only in response to realized demand; however,
MTS products can be produced in advance and stored in inventory to meet future demand. We build on
this literature by incorporating MTS goods, multiple goods and quote times, customer abandonments, and

dynamic pricing decisions.

3 Model

We consider a production system that serves a market of heterogeneous, price- and delay-sensitive customers.
The system is hybrid in that it produces both make-to-order (MTO) and make-to-stock (MTS) goods.
Moreover, it is omnichannel in that the goods are available through two channels: walk-in and online. MTO
goods are produced only after an order is received, while MTS goods may be pre-produced and held as
(finished goods) inventory. Accordingly, MTO goods may be viewed as “customized,” and MTS goods as
“standardized.” Each good can be offered through one or both channels. Goods offered through the online
channel are available at multiple quote times, defined as the time between when the order is placed and the
promised pick-up time. Each online good may be offered at a different set of quote times. Although goods
ordered through the walk-in channel do not have an associated quote time, for modeling convenience, we
assign them a quote time of zero. The menu of offered goods, the MTO/MTS designation of each good, and

the available quote times for each good are assumed to be predetermined and thus fixed throughout.

We define a “product” as a combination of a good and a quote time; see Celik and Maglaras (2008)
for a similar treatment. We numerically label each product and let S := {1,..., K} denote the set of all
products, where K € N := {1,2,...} denotes the total number of distinct products. Product k& € S has
a quote time of J; € R, where d; > 0 for online products and J; = 0 for walk-in products. We assume
that class k customers, i.e., customers ordering product k, arrive to pick up their goods precisely d; time
units after placing their order. For concreteness, consider an illustrative example with one MTO good and
one MTS good, each offered through the walk-in channel and at two quote times (15 and 30 minutes) in

the online channel. Figure 1 provides an illustration of our model for this K = 6 product example. The



modeling components shown in the figure will be introduced and explained in the sections that follow.

For ease of exposition, we partition the set of products S into the following four subsets: walk-in MTO
products S, online MTO products S™*"°, walk-in MTS products S»'**, and online MTS products S***.
We also let

SMTO — SMTO U SI\/ITO, SMTS — SVI://[TS U S(I)\/ITS, Sw — SVI://[TO U kg‘i\v/ITS7 SO — SMTO U S(I)VITS

w o o

denote the set of MTO products, MTS products, walk-in products, and online products, respectively. We
assume that at least one MTS product is offered (i.e., SM*® # @) and that all MTS goods are available through
the walk-in channel.? For k € S}, let w(k) € S)™ denote the corresponding walk-in MTS product that
shares the same good as (online MTS) product k. Moreover, for k € SM'"™*, we define S} (k) :== {j € S :

w(j) = k} as the set of online MTS products that share the same good as (walk-in MTS) product k.

The system manager controls the system by making dynamic pricing, scheduling, and order rejection
decisions. Section 3.1 discusses the demand structure and pricing decisions. Section 3.2 introduces our
stochastic processing network model, and discusses the scheduling and rejection decisions. Section 3.3
discusses the state dynamics. Finally, Section 3.4 discusses the cost structure and the stochastic control

problem.

3.1 Demand Structure

The production system operates in a market of price-sensitive customers. Customers arrive according to
a nonhomogeneous Poisson process, whose intensity depends on the prices set by the system manager. To
formalize this, let P C Rf denote the set of admissible price vectors. The system manager chooses a price
vector p(t) = (p1(t),...,px(t)) € P at each time ¢, where pi(t) denotes the price of product k at time
t. The corresponding demand rates are determined by a demand function A : P — Rf that maps the
price vector to an instantaneous demand rate vector. The instantaneous demand rate vector at time ¢ is
denoted by A(t) = A(p(t)), where Ag(t) denotes the instantaneous demand rate of product k at time ¢. The
set of admissible instantaneous demand rate vectors is given by £ := {A(p) : p € P} C RE. We refer to
p = {p(t) : t > 0} as the price process and to A = {A(¢) : t > 0} as the instantaneous demand rate process.

To ensure analytical tractability, we impose the following regularity assumption on the demand function:

Assumption 1. There exists an inverse demand function A™' : £L — P that maps each achievable instanta-

neous demand rate vector to the corresponding price vector that induces it.

This assumption is satisfied by many common demand functions, such as linear, exponential, and logit

2If no MTS good is offered, the Bellman equation reduces to one with a fixed lower barrier and would require
some slight modifications to the analysis. Similarly, the assumption that all MTS goods are available through the
walk-in channel could be relaxed to allow for online-only MTS goods, but this would introduce notational complexities
without yielding significant insights.
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Figure 1: An illustration of the stochastic processing network model for our six-product illustrative example.
Each buffer is labeled by its product class, along with its MTO/MTS designation and quote time. Products
1 and 4 belong to the walk-in channel, while products 2, 3, 5, and 6 belong to the online channel. There are
four production activities and two reallocation activities. The dotted line denotes the rejection decisions.
The upward arrows denote abandonments.
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demand models; see, e.g., Talluri and Van Ryzin (2006) and Celik and Maglaras (2008). This assumption
allows us to treat the instantaneous demand process as the system manager’s control, since the corresponding
price process can be recovered using the inverse demand function. Let 5 > 0 denote the variable cost of

production for product k € 8.2 We next define the instantaneous profit rate function IT : £ — R as follows:
(@) = a' (A7 (@) — 7). zeL. W

where v = (71,...,7vk). This function represents the revenue rate net of variable cost of production in an
idealized setting absent congestion-related concerns (e.g., in a system without stochastic variability) assuming

that all orders are accepted and successfully fulfilled.

3.2 Stochastic Processing Network Formulation

We model the production system as a single-server stochastic processing network, following the widely
adopted framework introduced in Harrison (2000, 2003); see Figure 1 for an illustration. Stochastic processing
networks generalize queueing networks, see, e.g., Harrison (1988), and consist of three basic elements: jobs,
servers, and activities. The notion of jobs and servers is identical to that of a queueing network. In our
setting, jobs represent product orders and the server represents the production system. Each product class
has a dedicated buffer where the orders of that class are stored. However, the distinctive feature of a
stochastic processing network is that an “activity” can accommodate more complex operational tasks in

order to fulfill orders. (That is, an activity is not limited to a single server serving a single buffer.) In

3In our model, MTS goods are initially stored in their walk-in buffers and later used by reallocation activities to
satisfy online MTS demand (see Section 3.2). The inclusion of the variable production cost for the online MTS goods
in the profit rate function is thus a modeling convention to maintain consistency.

10



our setting, activities correspond to the system manager’s scheduling decisions and fall into two distinct

categories—production and reallocation—which we describe next.

Production Activities. Production activities involve the production of MTO products and walk-in
MTS products: for k € S U SY™, activity k produces one unit of the good associated with product k.
Note that online MTS products do not have dedicated production activities; their associated goods are
produced via the production activity of the corresponding walk-in MTS product and can be later used to
fulfill online orders using reallocation activities, as we will discuss next. This modeling structure provides
the system manager with increased operational flexibility, enabling dynamic allocation of MTS goods rather

than committing to a specific product at the time of production.

The duration of production activity k, i.e., the production time of the good associated with product k,
follows a general distribution with mean mj, > 0 and coefficient of variation cg > 0. We let uy = 1/my
for k € M2 USY™ denote the production rate for product k. Let Sk(t) denote the total number of class
k products produced until time ¢ if the system were to continuously work on class k products up to time ¢.
Since online MTS products are fulfilled using the inventory of the corresponding walk-in MTS products, we
define the mean production time of an online product to be equal to that of its associated walk-in product.
As such, we define the K-dimensional mean production time vector m = (myq, ..., mg) as follows:

my, ke SMousShTs,

my = 2
g Maw(k)> kESé\/ITS. ()

Reallocation Activities. Reallocation activities involve fulfilling outstanding online MTS orders by
transferring available inventory from the corresponding walk-in MTS buffer:* for k& € SM™°, activity k
reallocates inventory from the walk-in buffer w(k) to satisfy outstanding orders for product k. We assume
reallocation activities are instantaneous. Let u; > 0 denote the number of products reallocated per unit
of reallocation activity k. That is, one good is reallocated from its walk-in MTS buffer to online MTS
buffer k for every 1/u; units of reallocation activity k& undertaken. (This modeling convention facilitates
the derivation of the approximating Brownian system but is otherwise inconsequential.) Let Sy (t) = |uxt]

denote the number of products reallocated as a result of the first ¢ units of reallocation activity k& undertaken.’

Dynamic scheduling decisions involve determining when and how much to engage in production and
reallocation activities. We allow preemptive-resume scheduling and focus on head-of-line scheduling policies.
A dynamic scheduling policy takes the form of a K-dimensional allocation process T'= {T'(t) : t > 0}, where
each component Ty(t) tracks the cumulative “effort” devoted to activity k up to time t¢. Specifically, for

ke SMTC USN™, Ti(t) denotes the cumulative amount of time devoted to producing product k up to time

4In the context of a restaurant, this is akin to the manager allocating a completed item to an online order.

®Note that the units of production and reallocation activities differ in the sense that the argument of Sy for
k€ 8™ is the cumulative units of reallocation activity & undertaken, whereas for k € SM"° U SM™ it is the total
time the system manager has engaged in production activity k.
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t, while for k € 8™ T}, (t) denotes the cumulative units of reallocation activity ¥ undertaken up to time ¢.

Under a scheduling policy T', the cumulative server idleness up to time ¢ is defined as follows:

I(t) =t — > Ti(t), t>0. (3)

’CGSMTO US‘I)\V{TS
We refer to I = {I(t) : t > 0} as the cumulative idleness process associated with scheduling policy T.
Note that production activities require time and consume server capacity, whereas reallocation activities are

instantaneous and do not use server capacity; see Ata et al. (2020) for a similar treatment.

The system manager may reject customer orders to avoid incurring high abandonment and waiting
costs when the system workload is deemed excessive. A dynamic rejection policy takes the form of a K-
dimensional rejection process R = {R(t) : t > 0}, where Rj(t) denotes the cumulative number of rejected

orders for product k € § up to time ¢. Let r; > 0 denote the cost of rejecting a class k order.

3.3 State Dynamics

The system manager’s dynamic control policy is a triple (A, R, T), where X is the instantaneous demand rate
process, R is the rejection process, and T is the allocation process. We assume that demand for product k € S
arrives according to a nonhomogeneous Poisson process with instantaneous rate Ag(¢); see Section 3.1. To
be more specific, the cumulative demand for product & up to time ¢ is given by Ny, (fg Ak (8) ds), where Ny, is
a unit-rate Poisson process. Given the dynamic pricing and rejection decisions, we define the K-dimensional
process A = {A(t) : t > 0}, which tracks the cumulative number of accepted orders up to time ¢, as follows:

For ke S,

Ap(t) = Nk(/ot A(s) ds) ~ Ry(t), t>0, (4)

where the first term on the right-hand side is the cumulative number of product k orders received up to time

t, and the second term is the cumulative number of product k orders rejected up to time ¢.

We assume walk-in customers may abandon the system when faced with excessive waiting times, whereas
online customers are assumed not to abandon.® Specifically, we assume that class k € S,, customers leave
the system after an exponentially distributed amount of time with rate £; > 0. Thus, the number of class k
customers abandoned up to time ¢ is given by Mj( fot 0,Q;f (s) ds), where Mj, is a unit-rate Poisson process.”

We assume that the processes Si, Ni, and M} are mutually independent across product classes.
The system state is described by the K-dimensional queue length process Q = {Q(t),t > 0}, where

Q. (t) denotes the number of outstanding (or backlogged) orders for product k € S at time t. For k € S¥"°,

Q@ (t) must remain nonnegative, as the production system cannot produce MTO products prior to receiving

5This reflects common practice where online customers prepay and cannot cancel after placing an order.
"The positive and negative parts of 2 € R are denoted by 2% = max{z,0} and 2~ = {—x,0}, respectively.
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an order. However, for k € SM*® Qi (t) can take negative values, reflecting a positive inventory of finished
goods for the product. Without loss of generality, we assume the system manager reallocates goods to online
MTS buffers only when they intend to immediately satisfy an order; hence, Qg (¢) must remain nonnegative

for all k € 8" and t > 0.

Assuming the system is initially empty, the evolution of the queue length process @@ under a control

policy (A, R, T) is characterized as follows: For MTO products k € S and ¢ > 0,

Qut) = Nk(/ot Ne(s)ds) — i (Ti(1)) ~ Mk(/ot Lpesimoy Qi () ds) — Ri(t), 120, (5)

where the first term on the right-hand side is the number of class k orders received up to time ¢, the second
term is the number of class k products produced up to time ¢, the third term is the number of abandoned
customers up to time ¢, and fourth term is the number of rejected customer orders up to time t. For walk-in

MTS products k € S,
Qr(t) = Nk(/ Ak (s) ds) — Sk(Tw(t)) — Mk(/ 0k Q5 (s) ds) — Ri(t) + Z Si(T3(®), =0, (6)
o 0 FESMTS (k)

where the first four terms on the right-hand side are analogous to those for MTO products. The fifth term,
however, is the number of class k products reallocated to the online MTS buffers (sharing the same good

with product k) up to time ¢. For online MTS products k € SY'**,

Qn(t) = Nk(/ot A(s) ds) — Si(Th(t)) — Relt), t>0, (7)

where the first and third terms are analogous to those described above. The second term, however, is the

number of products reallocated to online MTS class k from its corresponding walk-in buffer up to time ¢.

A dynamic control policy (A, R,T) is said to be admissible if it is nonanticipating and satisfies

I is nondecreasing and continuous with 7(0) = 0, (8)
A, R and T are nondecreasing with A(0) = R(0) = T(0) =0, (9)
A(t) € Lforallt >0, (10)
/000 1{g.t)>0y dTj(t) =0 for all k € S, and j € S)""*(k), (11)
Qr(t) >0 for all k € SY™ USY™ and t > 0. (12)

Equations (8)—(9) and (12) describe the inherent physical limitations governing the dynamics of A, I, R, T,
and Q.® Equation (10) ensures that the instantaneous demand rate is achievable. Equation (11) ensures

that goods are only reallocated when there is a positive inventory of finished goods at the walk-in buffer.

8The assumption that A is nondecreasing implies that customer orders can be rejected only upon their arrival. Our
analysis does not rely on this assumption. Nonetheless, we adopt it since it is common in practice, e.g., restaurants
decide whether to accept or reject customers upon their arrival.
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3.4 Stochastic Control Problem

Tardiness costs are incurred when a product is not ready upon the customer’s arrival; earliness costs are
incurred when a product is produced before the customer arrives. To capture these costs in a unified manner,
we define the cost function vg : R = R4 for k € S as follows:
QgT, x>0,

vp(x) = B, <0, (13)
where aj > 0 and §; > 0 represent the per-unit tardiness and earliness costs for product k, respectively;
see, e.g., Markowitz and Wein (2001) and Gao and Huang (2023). Tardiness costs apply to all products,
while earliness costs apply only to online MTO products, as finishing their production prior to the customer’s
arrival is undesirable (e.g., due to loss of freshness). MTS products, by design, are intended for preproduction
and thus are not subject to earliness costs. Accordingly, we set B = 0 for k € S USY™, and B > 0
otherwise. Let wy(¢) denote the (virtual) sojourn time for a product k order arriving at time ¢. An earliness
cost is incurred if wy(t) < Ok, i.e., when the order is completed too early; a tardiness cost is incurred if
wy(t) > Ok, i.e., when the order is completed too late. It follows from (13) that the combined earliness and

tardiness cost for a product k order arriving at time ¢ is given by vy (wg(t) — ).

Holding costs are incurred when there is an inventory of finished goods in the walk-in MTS buffers. Let
hi > 0 denote the per-unit holding cost for class k € SX'™* products. Abandonment costs are incurred when
walk-in customers abandon. Let di > 0 denote the abandonment cost for class k € S,, customers. Rejection

costs are incurred when orders are rejected. Let 7 > 0 denote the rejection cost of a class k € S order.

Given an admissible control policy (A, T, R), the cumulative profit up to time ¢ is given as follows:

V(t) = /0 )ds — Z/ vg (wi(s) — Or) dAk(s) — / hi @y, (s

kes keSMTS
- Z dkMk / ngk ZrkRk t Z 0. (14)
keSw keS

We refer to V' = {V(¢) : t > 0} as the cumulative profit process. The first term on the right-hand side of (14)
is a surrogate for the revenue (minus variable costs); see, e.g., Rubino and Ata (2009) and Ata and Barjesteh
(2022). The second through fifth terms capture, respectively, the earliness and tardiness costs, holding costs,
abandonment costs, and rejection costs. We next make the following natural assumption that ensures it is
less costly for the system manager to reject a customer upfront than to risk customer dissatisfaction (due to

a long waiting time) and an eventual abandonment.

Assumption 2. For each k € S,,, the rejection cost ry is less than or equal to the abandonment cost dj.
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Adopting the long-run average cost criterion, the system manager seeks to find a policy (A, T, R) so as to

maximize lim inf % E[V(t)] subject to (3)-(12). (15)

t—o0

Unfortunately, this formulation is a nonlinear, multi-dimensional stochastic control problem. Furthermore,
when production times are not exponentially distributed, it is non-Markovian. As a result, the stochastic
control problem is analytically intractable and suffers from the curse of dimensionality unless the total number
of products is small. Therefore, we next consider a sequence of closely related systems in the (conventional)

heavy-traffic regime and formulate an approximating Brownian control problem that is analytically tractable.

4 Approximating Brownian Control Problem

This section introduces a Brownian approximation for the control problem discussed in Section 3. Follow-
ing Harrison (1988, 2000, 2003), we provide only enough detail to make plausible the proposed Brownian
approximation and direct interested readers to these seminal papers for a comprehensive overview of the
approximation technique we employ. In Brownian approximations, the original control problem is approxi-
mated by a related diffusion control problem, commonly referred to as the Brownian control problem, which
emerges as the limit of a sequence of scaled systems indexed by the parameter n under conditions of heavy
traffic. The original control problem corresponds to one such system, with an appropriately chosen system
parameter n. The key assumption underlying the Brownian approximation is that the production and in-
stantaneous demand rates in the original system are sufficiently large to enable us to approximate the various
scaled processes of the original system by their counterparts in the Brownian approximation. Ultimately,
this procedure allows us to interpret the solution of the Brownian control problem in the context of the

original control problem.

4.1 Heavy Traffic Assumption and Asymptotic Regime

To facilitate the analysis to follow, we consider the following optimization problem, referred to as the static

planning problem, which ignores randomness in the system.
Static Planning Problem. Choose an instantaneous demand rate vector A so as to
maximize II(\) subject to A € L. (16)

This formulation seeks to maximize the profit rate subject to the constraint A € £, which ensures that the
instantaneous demand rate vector \ is achievable. If the system manager were to disregard the randomness
in the system—thereby ignoring all congestion-related costs—they would use an instantaneous demand rate

that solves the static planning problem (16). However, due to randomness, they may benefit from dynamic
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adjustments to the instantaneous demand rate, which are captured by the Brownian approximation.

To develop the Brownian approximation, we consider a sequence of closely related systems indexed by
a system parameter n € N. We attach a superscript n to various quantities of interest corresponding to the
nth system in this sequence. We focus on the asymptotic regime where both demand and system capacity

grow with n. Specifically, for x € P and n € N,
A"(z) = nA(z) and " = np+ Vnn, (17)
where p,n € Rf are given constants. It follows directly from (17) that
(A" Ynz) = A7 (z) and MO"(nz) = nll(z) for z € L. (18)

Assumption 3 (Heavy Traffic Assumption). The static planning problem (16) has a unique optimal solution
A*. Moreover, \* € interior(L) and satisfies ), . guro gurs pr = 1, where p is the server utilization vector

defined as follows:

)‘z/uka ke SMTO?
Pk = (]‘9)
()\:?_FZ]ES})\ATS(IC) )\;)/’Urk7 k S Si\VATS.

Assumption 3 states that the profit-maximizing demand rate A\* puts the system in heavy traffic. We
refer to A* as the nominal instantaneous demand rate. (Since £ C Rf , it follows from Assumption 3 that
A >0foral keS8.) For k € S™™° USY™, we interpret pj, as the proportion of time that, in the absence
of randomness, should be allocated to producing class k£ products to meet the profit-maximizing demand.
Recall that the server does not produce online MTS products directly. Instead, it reallocates finished MTS
goods from the walk-in buffer to fulfill online orders. Consequently, for k& € SX"™®, the term p; accounts
for the combined demand from both the walk-in and online channels. To ensure analytical tractability, we

impose the following regularity condition on the profit rate function:

Assumption 4. The profit rate function 11 is twice continuously differentiable and strictly concave in a

neighborhood of \*.

It follows from Assumption 3 and (18) that if the system manager were to ignore randomness in the
system, they would choose the instantaneous demand rate nA\*. However, in the presence of randomness, it
may be beneficial to dynamically adjust the instantaneous demand rate around nA*. It is well known that in
large balanced-flow systems in heavy traffic, the queue length process is of second-order (i.e., of order y/n)
relative to the system size (which is of order n). This suggests that fluctuations in the demand rate should
also be of order /n to effectively manage variability in the system. As such, we focus on instantaneous

demand rate vectors of the following form: for n € N and some ( : [0, 00) — R¥,
A (t) = nA* + Vn((t), t>0; (20)
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see Celik and Maglaras (2008) and Ata and Barjesteh (2022) for similar treatments.

As discussed above, we expect both the queue length and rejection processes to be of second order
relative to the system size in the heavy traffic regime. We therefore define the scaled queue length process
Z™ ={Z"(t) : t > 0} and the scaled rejection process O™ = {O"(¢) : t > 0} as follows:

Q" (t)
= ——= d O"(t) = , t>0. 21
T and 07 = T b (21)

Furthermore, as thoroughly argued in Harrison (1988, 2000, 2003), any dynamic allocation policy worthy of

_ R"(®)

Z™(t) -

consideration should satisfy the following when n is large:

pk;t, k c SMTO US“I\;ITS, t Z O
TP (t) ~ (22)

Net/pg, k€ SSTF, t>0.
That is, for both MTO and walk-in MTS products, pi should provide a first-order approximation to the
fraction of time allocated to producing class k products. For online MTS products, A}/, should provide
a first-order approximation to the amount of reallocation activity (or effort) required per unit of time to
meet class k demand. However, due to randomness, it may be beneficial to make second-order deviations
from these nominal values. To capture these deviations, we define the centered and scaled allocation process
Y™ ={Y"(t): t > 0} as follows: for ¢t >0,
\/ﬁ(pkt — T,:L(t)), ke SMouShTE,

Y (t) =
) V(N e — TR(E)), ke SV >

Finally, we define scaled idleness process L™ = {L"™(t) : t > 0} as follows:

LM(t) = VnI™(t) = > Y'(t), t>0. (24)

kESMTO USMTS

4.2 Brownian Control Problem
We assume that the tardiness costs o, earliness costs 3, holding costs h}, abandonment costs dj, and
rejection costs r} (for the product classes to which they apply) scale with n as follows:

n Ak _ B X4 .,E n-fﬁ "k

Qp = %a BI? = ﬁv k \/ﬁ’ k \/ﬁ’ %7

where ay, Bk, hi, di, and ry are nonnegative constants; see Harrison (2003), Celik and Maglaras (2008), Ata

and rp = (25)

and Barjesteh (2022), and Gao et al. (2023a) for similar treatments. Motivated by (13) and (25), we define

the scaled cost function v : R — Ry for k € S as follows:

apw, x>0,

Vn —Brx, x<O0.
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As discussed above, in the heavy traffic asymptotic regime, the queue length process is of order /n,
while the system capacity is of order n. Consequently, the sojourn times are expected to be of order 1/4/n.

Therefore, we assume the quote times 4} scale with n as follows:

5
o = 7’% kes, (27)

where Jj, is positive for online products and zero for walk-in products; see Rubino and Ata (2009) and Gao

et al. (2023a) for a similar treatment. Finally, we assume the abandonment rates ¢} scale with n as follows:
v =1 keS,, (28)

where ¢}, are nonnegative constants; see Rubino and Ata (2009) for a similar treatment.

If the system manager were to ignore the stochastic variability in the system—and thus choose the
instantaneous demand rate nA* for the nth system—the cumulative profit up to time ¢ would be nII(\*)t.
The following result shows that the cumulative profit obtained in this deterministic system serves as an

upper bound for the cumulative profit in the stochastic system under any admissible policy.

Proposition 1. Under any admissible policy (A", R™,T"), we have V™(t) < nII(A*)t for all t > 0 and

sufficiently large n.

Motivated by Proposition 1, we define the cumulative cost process " = {£™(t) : t > 0} as the deviation

of the cumulative profit process V"™ from that of the corresponding deterministic system. Specifically,
EM(t) = nII(A)t — V™(t), t>0. (29)

Following Harrison (1988, 2000, 2003), Appendix A formally derives the approximating Brownian control
problem as n gets large. In the Brownian control problem, the processes Z;', Y, I, R}, and " are replaced

by their formal limits Zy, Yx, L, Ok, and &, respectively, which jointly satisfy the following for ¢ > 0:

/g "H((s ds+Z/Uka — Xpdk) ds + /th

keS keSMTS
+ Y / el Zi (s)ds + > rrOk(1), (30)
kESw keS
Zu(t) / Cols / Lpesuroy 2t (s)ds — Op(t) + mVa(t), ke S (31)
Z ( ) Xk / Ck ds 7/ ngJ'_( )dS — Ok( ) —+ ,Lkak Z ,U,J ke SVI\VM;S (32)
JESHTS (k)
Zu(t) = Xt / Co(s) ds — Op(t) + puYilt), k€ 8™ (33)

L(t) = > Y(t), (34)

keSIvITO US‘I,\\,/ITS

L and O are nondecreasing with L(0) = O(0) =0, (35)



Zi(t) > 0 for all k € SM™° U SN (36)

where H := —V2II(\*)/2, and X} = {Xk(t) : t > 0} for k € S are independent Brownian motions with

infinitesimal drift v and infinitesimal variance o given by

—NkPks ke SV, A (1+ %), ke SV,
Ve = —mepk + 2 AN /g, k€ ST, and o} = AL+ (O + X M), keS)T, (37)
FESMTS (k) FESMTS (1)
—Ne N5/ Lk, ke SYs, A% ke SN,

Equation (30), the counterpart to (14), states that cumulative cost process consists of five terms that capture
the impact of pricing decisions, earliness and tardiness costs, holding costs, abandonment costs, and rejection
costs, respectively. Equations (31), (32), and (33) are the counterparts to (5), (6), and (7). They describe
the queue length dynamics by capturing the impact of pricing, abandonments, rejection, and scheduling
decisions. Equation (34), the counterpart to (24), describes the server idleness in terms of the scheduling

decisions. Finally, (35) and (36) are the natural counterparts to (8) and (12), respectively.

In the Brownian system, a control policy takes the form of a triple ({,0,Y), where { captures the
dynamic adjustments to the pricing policy, O captures the dynamic order rejection policy, and Y captures
the dynamic adjustments to the scheduling policy. A control policy (¢,0,Y) is said to be admissible if it is

nonanticipating, satisfies (30)—(36), and satisfies the following regularity condition:

1
limsup — E[[|Z(t)]|]] = 0, (38)
t—o0 t
where || - || denotes the Euclidean norm. The Brownian control problem (BCP) can now be stated as follows:

Choose a nonanticipating control (¢, Y, O) so as to

minimize lim sup % E[£(t)] subject to (30)—(38). (39)

t—o0

Although the Brownian control problem is simpler than the original control problem due to the continuous
nature of the state dynamics, it remains a multidimensional stochastic control problem. We next develop an

equivalent one-dimensional formulation to the Brownian control problem and admits a closed-form solution.

5 Equivalent Workload Formulation

This section develops a one-dimensional stochastic control problem, referred to as the equivalent workload
formulation, which is equivalent to the Brownian control problem for the purposes of optimal control. We

define the one-dimensional workload process W = {W (¢) : t > 0} as follows:

W(t) =Y mpZy(t), t>0. (40)
keS
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The workload W (¢) can be interpreted as the total (scaled) backlog in the system at time ¢, which includes
the work requested plus the work stored as finished goods inventory of the MTS products, measured in units

of total work for the server. Substituting (31)—(33) into (40), note that
t t
W(t) = B(t) +/ 0(s) ds —/ S milaZi (s)ds + L(t) — U(t), t>0, (41)
0 0 kESy
where

B(t) =Y mpXp(t), 0(t) :=> mpG(t), L(t) = Y Yi(t), U(t) :=> mpO(t), t>0. (42)

kes kes keSMTOUSNTS kes
The process B = {B(t) : t > 0} is a Brownian motion with infinitesimal drift p = 7, csmprr < 0 and
infinitesimal variance o := Y, - ¢ mzo7 > 0. The quantities L(t) and U (t) represent the cumulative (scaled)
idleness and cumulative (scaled) work rejected up to time ¢, respectively. The processes 6 = {6(t) : ¢ > 0},

L ={L(t):t >0}, and U = {U(¢) : t > 0} are referred to as the effective drift rate process, the effective

idleness process, and the effective rejection process, respectively.

We next define the key components of the cost function in the workload formulation. First, we define

the cost function ¢ : R — R and the optimal drift rate function ¢* : R — R¥, respectively, as follows:
c(z) =min{(HC:m/¢ =2, ( € R*} and (*(z) :=argmin {(H(:m/( =z, (€ RX}, zeR. (43)

These functions specify the optimal cost and corresponding optimal drift rate vector for a given effective

drift rate x. The following result provides closed-form expressions for these functions.

Lemma 1 (Ata and Barjesteh (2022, Lemma 1)). The cost function ¢ : R — R and the optimal drift rate
function ¢* : R = RE can be equivalently expressed as follows:

x? H 'm

i, G = e reR

c(x) =

Next, we define the product class with the lowest rejection cost per unit of work and the effective rejection

cost as follows:
kE* = argmin {ry/my : k € S} and Kk = ri/mps. (44)

The effective rejection cost k is the rejection cost associated with the greedy rejection policy that exclusively

rejects orders for product k*, i.e., the product class with the most cost-effective rejection.

In the equivalent workload formulation, a control policy takes the form of a tuple (L, U, z, ), where L
captures the impact of idleness, U captures the impact of order rejections, z : [0,00) x R — R¥ captures
the impact of scheduling (by specifying how to distribute the workload across the various product classes

at each workload level over time), and 6 captures the impact of pricing. We refer to the mapping z as the
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workload configuration function. Motivated by (36) and (40), we define
Aw) = {z e R¥ :m'z =wand z, >0 for all k € S""°US)"™}, weR, (45)

to be the set of admissible workload distribution vectors at workload level w. A control policy (L, U, z,0) is
said to be admissible to the equivalent workload formulation if it is nonanticipating and satisfies the following

for ¢ > 0:

2(t) = /Oc(e(s)) ds + Z/o v (21 (5, W (s)) = A\iox) ds + Z /Ohkzk_(s,W(s))ds

keS kesSMTS
+ Z / dily 2 (s, W(s))ds + kU(t), (46)
kes, 70
= s)ds — mylyz (s, W(s))ds —
W(t) = B(t) +/O 0(s)d /0 kgw Kz (s, W(s))ds + L(t) — U(t), (47)
2(t,W(t)) € A(W(t)) for all ¢ >0, (48)
L and U are nondecreasing with L(0) = U(0) = 0, (49)
tisup 1 B[t W 0)) ] = 0, (50)

where B is a Brownian motion with infinitesimal drift ;4 and infinitesimal variance o2. The equivalent

workload formulation (EWF) is as follows: Choose a nonanticipating control (L, U, z, ) so as to

1
minimize limsup =~ E[E(t)] subject to (46)—(50). (51)

t—o0 t

The following result establishes the equivalence of the BCP (39) and the EWF (51):

Proposition 2. For every admissible policy ({, O,Y) for the BCP (39), there exists an admissible policy
(L,U,z,0) for the EWF (51), and its cost is less than or equal to that of the policy (¢, O,Y) for the BCP
(39). Conversely, for every admissible policy (L,U, z,0) for the EWF (51), there exists an admissible policy
(¢, 0,Y) for the BCP (39), and and these two policies have the same cost.

6 Solution to the Equivalent Workload Formulation

This section solves the workload formulation. To minimize technical complexity, we restrict attention to
stationary Markov control policies, under which the workload configuration z(¢, W (t)) and the effective drift
rate 0(t) at time ¢ depend on the history only through the current system workload W (t). To reflect this
assumption, we write z(W(t)) and (W (t)) in place of z(t, W (t)) and 6(t), respectively. The remainder of
this section is organized as follows. Section 6.1 introduces a class of barrier policies that play a central role in
our analysis. Section 6.2 introduces the Bellman equation associated with the workload formulation. Finally,

Section 6.3 solves the Bellman equation and uses its solution to derive an optimal solution to the workload
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formulation, which is a barrier policy.

6.1 Barrier Policies
Following Harrison (2013, Section 7.7), we define a barrier policy as follows:

Definition 1. Given policy parameters I,u € R such that | < u, we call (L,U, z,0) a barrier policy (with
lower barrier at [ and upper barrier at w) if it is an admissible control for the EWF (51) and satisfies

W (t) € [l,u] for all t > 0, along with the following two conditions:
t t
/ Liw(s)>iy dL(s) = 0 and / Liw(s)<uydU(s) = 0 forall ¢>0.
0 0

Note that the processes L and U reflect the workload process at the lower barrier [ and upper barrier u,
respectively. For n € N, let C™[l, u] denote the space of functions f : [I, u] — R that are n-times continuously
differentiable; that is, all derivatives up to order n exist and are continuous on the closed interval [I, u],
including the boundary points. We next establish a method for computing the long-run average expected
cost associated with a barrier policy. As a preliminarily to this result, given functions z : R — R¥ and

0 : R — R and constant v € R, define the second-order differential operator T, y as follows:

%an”( )+ (it 0w) = 3 mabst () Fw),  (Fw) € CPul x L. (52)
kESy

Fz,@f(w) =
We then consider the following second-order differential equation:

Lof(w) + c(B(w) + Y vk(ze(w) = Npbe) + Y bz (w) + Y dilezf (w) =, we[lu], (53)

keS kes}:}/ITS keSw

subject to the boundary conditions
() =0 and f'(u) = k. (54)

Proposition 3. Consider an admissible barrier policy (L,U, z,0) with a lower barrier at | and an upper
barrier at u. If there exists v € R and f € C?[l,u] that jointly satisfy (53)—(54), then ~ is the long-run

average expected cost associated with the barrier policy, i.e.,

1 t
tlirgogE{/O c(o(w ds—i—Z/vk (W () = Apdi) ds + > /hkzk ) ds

keS keSMTS
+y / dili 2 (W (s)) ds + /{U(t)] = .
keSw
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6.2 Bellman Equation

Motivated by Proposition 3 and smooth pasting arguments (see, e.g., Harrison (2013, Section 7.7)), this
section introduces the Bellman equation corresponding to the workload formulation. The Bellman equation
is introduced primarily to motivate our solution approach, and its properties that we require will be proved
from first principles. As a preliminary, we define the following cost function, which captures the various

state (i.e., earliness, tardiness, holding, and abandonment) costs:

o(z,y) = z O (di — miy) 2 + ka (26 — ALok) + Z hizy, (2,9) € RExR. (55)
kESw keS keS}yTS

The Bellman equation for the workload formulation is then given as follows: Find constants [, u,y € R and
a function f € C?[l,u] satisfying | < u and

ZeA{?szeR{%"zf"(w) (1 + 2) W) + o@) + oz @)} =7 wellul, (56)

subject to the boundary conditions
(=110 =f"(uy=0 and f'(u) = k. (57)

The second-order boundary conditions in (57), i.e., f”(1) = f”(u) = 0, are known as smooth pasting
conditions. They ensure the barriers [ and u are chosen optimally. Motivated by Proposition 3, we interpret
v as a guess at the the minimum average cost and interpret [ and u as the lower and upper reflecting barriers,
respectively, for the workload process. The function f is often referred to as the relative value function in
average cost dynamic programming.
The joint minimization over & and z in (56) can be decoupled. By Assumption 4 and Lemma 1, the
minimization with respect to x is convex. Consequently, there exists a unique minimizer, given by
ar;gg]l{in {xf’(w) + c(sc)} = f(w), wellul; (58)
see, e.g., Ata and Barjesteh (2022, Lemma 2). To address the minimization over z, we define the effective

state cost function ¢ : R? — R as follows:

p(w,y) = min ¢(z,y), w,yecR. (59)
zeA(w)

Since (56)—(57) does not involve f itself, it is equivalent to a first-order differential equation. Letting v = f,
and using (58)—(59), we rewrite (56)—(57) as follows: Find constants [,u,y € R and a function v € C[l,u]
satisfying | < u and

%agv'(w) + po(w) — ml}{%zﬂ(w) + o(w,v(w)) =5, w € [l,ul, (60)
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subject to the boundary conditions

v(l) = (1) =o' (u) =0 and ov(u) = k. (61)

6.3 Solution to the Bellman Equation

This section establishes the existence and uniqueness of a solution to the Bellman equation. Using this
solution, we then propose a candidate barrier policy and prove that it is an optimal solution to the workload

formulation. An explicit characterization of the candidate policy is provided in Appendix B.2.
The following result establishes the existence of a solution to the Bellman equation; its proof relies on
several technical lemmas, which are deferred to Appendix B. As a preliminary, let

wo = Z mk>\25k and w, = Z mk’>\26k7 (62)
keSMTO k€S,

and observe that 0 < wy < w.? We interpret wq (resp., w1) as the total workload in the online MTO classes
(resp., all the online classes) assuming the head-of-line order in each class has a sojourn time equal to its

quote time.

Theorem 1. The Bellman equation (60)—(61) has a unique solution (I*,u*,~v*,v*). Furthermore, v* > 0,

I* < wy < wy < u*, and v* € CHI*,u*] is nonnegative and strictly increasing.

In Appendix B.2, we prove Theorem 1 and provide a closed-form solution to the Bellman equation (60)—(61).
To recover a solution to the original Bellman equation (56)—(57), we let

A (w) = /lwv*(ac) dz, w e [l*,u*]. (63)

*

Corollary 1. The tuple (I*,u*,v*, f*) is the unique solution (up to an additive constant in f*) to the
Bellman equation (56)-(57). Moreover, f* is strictly increasing, strictly convez, and twice continuously

differentiable.

Equipped with a solution to the Bellman equation, we propose a candidate barrier policy for the EWF

(51). In accordance with (58), we define the candidate effective drift rate function as follows:
0*(w) = ——— v*(w), w e [I*,u"]. (64)

The candidate workload configuration is a minimizer of the right-hand side of (59) when y = v*(w), and is

not unique in general. In Appendix B.2.1, we provide a closed-form expression for our candidate workload

9We define wo := 0 when S2'"° = @ and w; := 0 when S, = @.
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Allocate Ay to online classes, allocating wi across them.
Hold w—w; in the cheapest way in terms of ay(v*(w))/my.

Allocate A;dx to online MTO classes, allocating wo across
them. Then, hold w—wp in online MTS classes, while 4 d(w,v*(w))
ensuring zj(w) < A;dy for k € So'™°.

Initially allocate A;dx to online MTO classes, allocating
wo across them. Then, remove wo—w from online MTO
and walk-in MTS classes in the cheapest manner in terms

of Bk/mk, while ensuring z; (w) > 0 for k € S3'™°.

> >
> >

t Wo w1 w
Figure 2: An illustrative description of the candidate  Figure 3: The effective state cost under the
workload configuration z*(w). candidate workload configuration ¢(w,v*(w)).

configuration function. To be more specific, our candidate workload configuration function is given by

2 (w) = Z(w,v*(w)) € argmin p(z,v*(w)), w € [I*,u"], (65)
ze A(w)

where Z : R? — R is given by (110)-(112) in Appendix B.2.1. For the sake of completeness, we provide
an informal description of z* here. To facilitate this description, we rewrite the effective state cost function
¢, defined in (55), in a more convenient form. Specifically, analogous to (13), we define the cost terms

Gr:R—Rand B, €R for k € S as follows:

A ap + Lp(di, —miy), k€S, . Br, keS8,
an(y) = and By = (66)
., k S Soa hk; k S S\I:,'ITS7

where &y, (y) combines the tardiness and abandonment costs, and f}, combines the earliness and holding costs.
We then define the corresponding cost functions o, : R — R for k € S (comprising tardiness, earliness,
holding, and abandonment costs) as follows:

X ar(y)x, x>0,

Uk(xay) = B r <0 (67)
Pk Ly .

It then follows from (55) and (66)—(67) that ¢ can be rewritten as follows:
0(z,y) =Y On(zk — Npbk,y) = D Oklzk — Moo ) + D Ok(zkyy),  (2,9) ERFXR. (68)
keS keS, kESy

In this reformulation, all state costs associated with each product class k£ are consolidated into the single
term Ok (2 — Af0k,y). Moreover, it follows from (65) and (68) that the optimal workload configuration is

the minimizer of the sum of these terms when y = v*(w) at each workload level w € [I*,u*].

Figure 2 illustrates the structure of the candidate workload configuration, and Figure 3 shows the re-
sulting effective state cost ¢(w,v*(w)). Notably, the structure of the workload configuration differs across

the intervals (—oo,wq), [wo,w1], and (wy,00), which we now describe in turn. For w € [wg, w1], each class
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k € 8™ holds a workload of mgA;dy, thereby holding wy across the online MTO classes. The remaining
workload, w — wp, is held in online MTS classes, with each class k € S)'™* holding no more than mj\}dy.

No workload is held in walk-in classes. This workload configuration yields an effective state cost of zero.

For w € (—o0,wp), the workload is insufficient to achieve an effective state cost of zero. Initially, a
workload of wyq is allocated to the online MTO classes. This workload allocation has an effective state cost
of zero. The (excess) workload of wy — w is then deducted from the online MTO and walk-in MTS classes
in the cheapest manner in terms of Bk /My, which captures the earliness or holding cost per unit of work for
class k € S)'"° U SY™® products. This is done while ensuring that the workload in each of the online MTO

classes remains nonnegative. No workload is held in the online MTS and walk-in MTO classes.

For w € (wy, 00), the workload is too large to achieve an effective state cost of zero. Initially, a workload
of mp A}y is allocated to each online class k£ € S,, thereby initially allocating a workload of w; across these
classes. This workload allocation has an effective state cost of zero. The remaining workload of w — w; is
then allocated to the cheapest class in terms of &y (v*(w))/ms, which reflects the tardiness and abandonment

costs per unit of work for class k € S products.

The following result provides an optimal solution to the workload formulation.

Theorem 2. The barrier policy (L*,U*, z*,0%) with lower barrier at I*, upper barrier at u*, effective drift
rate function 6* defined by (64), and workload configuration function z* defined by (65) is an optimal solution
to the EWF (51), and it has a long-run average expected cost of v*.

The following corollary establishes the existence of an optimal solution to the BCP (39). An explicit
characterization of this solution can be obtained by combining Theorem 2 with the solution provided in the

proof of Proposition 2 in Appendix C.

Corollary 2. There exists an optimal policy (¢*,0*,Y™*) to the BCP (39), and it has a long-run average
expected cost of v*.

7 Proposed Policy

This section proposes a dynamic control policy for the problem introduced in Section 3 by interpreting the
solution to the workload formulation in the context of the original control problem. The proposed policy
consists of three components: pricing, rejection, and scheduling. Recall that we consider a sequence of
systems indexed by n, whose formal limit is the BCP (39). The original control problem corresponds to
a particular element in this sequence, determined by a specific choice of n. Consequently, to define the

proposed policy, we first fix the system parameter n, which is used to unscale the processes of interest.

The proposed policy depends on the total system workload. We therefore define the unscaled (or nominal)

workload process W™ = {W"(t) : t > 0} as W"(t) = >, g miQ}(t) for t > 0, where Q}(t) denotes the
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queue length of product class k at time ¢; see Section 3. While the workload process in the equivalent
workload formulation lives in [I*, u*, the scaled nominal workload process W"(t)/y/n in the original control
problem may leave this interval. We therefore define W"(¢) := I* vV (W"(t)/\/nAu*) for t > 0, which projects

W™ (t)/+/n into [I*,u¥, and express the proposed policy in terms of this projected workload process W™ (t).

Pricing Policy. To derive the proposed pricing policy, note that it follows from (42), (64), Lemma 1,
and Corollary 2 that (*(w) = —(H 'm)v*(w) for w € [I*,u*]. Therefore, following (20), we choose the

demand rate vector to be
A (t) = nA* — \/ﬁ(H_lm) v*(W"(t)), t>0. (69)

Following (18), (69), Assumption 4, and Taylor’s theorem, we then choose the price vector to be

VAT(\) H 'm
NG 2

where VA™(\*) denotes the Jacobian of A™' evaluated at A\*. Recall that the optimal effective drift rate

pi(t) = AT(V) - (W™ (1), t=0, (70)

control is nonnegative and strictly increasing in the workload. Thus, our proposed pricing policy induces an

effective demand rate, ), . s A7 (t) my, that is strictly decreasing in the workload.

Rejection Policy. Recall that the optimal solution to the EWF (51) imposes an upper barrier on the
workload process at u* via the effective rejection process. In the context of the original control problem, we
interpret this as the greedy rejection policy in which orders of product k* are rejected when the nominal
workload W™ (t) is greater than or equal to the rejection threshold u™ := /nu*. (Here, k* € S denotes the
product class with the lowest rejection cost per unit of work; see (44).) The intuition behind this policy is
that when the system backlog grows to the point where W™ > 4™, it becomes more cost-effective to reject

additional orders rather than to allow the backlog to increase further.

Scheduling Policy. The proposed scheduling policy consists of two components: production and re-
allocation decisions. At each point in time, the policy first applies the reallocation decisions, followed by
the production decisions. This policy is designed to distribute the workload in a manner that aligns with
the optimal solution to the Brownian control problem. As is customary in the heavy traffic literature, we
introduce small safety stocks to bridge the gap between the diffusion-scaled queue lengths prescribed by the
optimal workload configuration function and the dynamics of the original system; see, e.g., Harrison (1996)
and Maglaras (2000). The safety stock for product k is denoted by si for k € S. The safety stock values s
can be calibrated via simulation; see, e.g., Plambeck (2004) and Ata and Barjesteh (2022).

Reallocation Decisions. Consider the product class k € SY'™°. If Q}(t) > 0, no finished goods inventory
is available for reallocation to the corresponding online classes. The proposed policy maintains a safety
stock in product class k by choosing not to reallocate products when min(sg,0) < Q7(t) < 0. When

Q7 (t) < min(sg,0), the proposed policy reallocates finished goods inventory from product class k to product
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classes j € 8" (k) for which Q7(t) > \/nzj(W"(t)) + s;. Among such eligible online MTS product classes,
it first prioritizes those for which @} (t) > /nA50x + s;, and then the remaining product classes. Within
each group, products are ranked in descending order of their effective state costs per unit of work, i.e.,
a; (v (W (1)) /m;.

Production Decisions. The optimal solution to the workload formulation imposes a lower barrier on
the workload process at [* through the effective idleness process and distributes the workload according to
the optimal workload configuration z*. Interpreting this in the context of the original control problem, the
proposed policy idles the server if and only if the nominal workload is below the idling threshold " := /n [*
and the queue length is below the value prescribed by the optimal workload configuration plus the safety

stock, i.e.,
W"(t) < v/nl* and Qp(t) < Vnz*(W"(t)) + s, forallk € S.

When the above condition does not hold, the server works. First, it aims to align the workload distribution
with the optimal workload configuration. It does so by choosing the product class k € S that has the largest
change in the effective state cost per unit of work, which is given by
( ap (W™ (t)) /mi, if Z(W"(t)) = Aidr,

Vp(t) = N
— B /My, otherwise,
among the products for which the queue length is above the value prescribed by the optimal workload
configuration plus the safety stock, i.e., those satisfying Q7 (t) > /nz*(W"(t)) + si. If such a product exits,
the server produces the corresponding good (for online MTS products, once the good is produced, it is added

to the corresponding walk-in buffer).

If, however, the workload distribution is aligned with the optimal workload configuration, i.e., Q7 (t) <
25 (W™(t)) + s, for all k € S and W™(t) > I, the server focuses solely on the product class that results in the
largest decrease (equivalently, smallest increase) in the effective state cost per unit of work. This product
class is given by k*(W™(t), v*(W"(t))); for the precise definition of this product class, see (107) in Appendix
B.2. Specifically, when w € (w1, 0), it produces the product class that results in the largest decrease in
the effective state cost; when w € (—oo,wy), it produces the online MTO or walk-in MTS product class
that results in the smallest increase in the effective state cost; and when w € [wg,w1], it produces the good

associated with an online MTS product class that has a positive queue length.

8 Simulation Study

This section illustrates the effectiveness of our proposed policy through a simulation study and provides

several managerial insights, with implications for omnichannel restaurants. We consider an omnichannel
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production system with K = 4 products, consisting of one MTS good and one MTO good, each available
through both walk-in and online channels. The online channel operates with a single 30-minute quote time.
Therefore, we have S = {1,2,3,4}. For the purposes of the simulation study, we number the products
such that SM™° = {1}, &¥° = {2}, SJ"° = {3}, and 8" = {4}. Activities are numbered in a manner
consistent with the product numbering: for k = 1,2, 3, activity k corresponds to the production of product
k, while activity 4 corresponds to the reallocation of finished MTS goods from the walk-in buffer to fulfill
online orders. The remainder of the section is organized as follows. Section 8.1 describes the demand model

used in the simulation study. Section 8.2 outlines the parameters of the base example. Section 8.3 presents

the results and managerial insights. Additional graphs and tables are provided in Appendix D.3.

8.1 Nested Logit Demand Model

We model customer demand using a nested logit model (Gallego and Topaloglu, 2019, Section 8.6.3). In a
nested logit model, a customer first selects a nest of products and then chooses a specific product within
that nest. In our setting, the nests correspond to the ordering channels—namely, online and walk-in. Let
N; denote the set of products in nest i € {Online, Walk-in}. The probability that a customer selects nest 4
given the price vector p is denoted by P(nest i |p). Conditional on choosing nest i and the price vector p, the
probability that a customer selects product k& € N; is denoted by P(product k| nest ¢, p). Following Gallego
and Topaloglu (2019), these probabilities are given as follows: For i € {Online, Walk-in} and k € N;,
eciVi ok —bipy

and ]P’(product k | nest 7:, p) = W,
ZGNi

P(nest i|p) = -
1+ EiE{Online,Walk—in} eciVi

where a;, € R captures the inherent “value” of product k, by > 0 denotes its price sensitivity, V(i) :=
log(D e n, e ~biPL) yepresents the value (or attractiveness) of nest i, and ¢; € (0, 1] captures the degree of
substitution within nest 7. By the law of total probability, the probability that a customer selects product

k € N; given the price vector p is given by
P(product k|p) = P(nest i|p) P(product k| nest i, p).

We assume that each unit of time corresponds to one hour in our simulation study. Moreover, customers
arrive at the rate of Ag > 0 and choose a product according to the probabilities given above. Then, the

demand function is given as follows:

Ar(p) = AoP(product k|p), keS, peRE.

8.2 System Parameters in the Base Case

We now specify the parameters of the base case. To assess the robustness of our findings and to extract

structural insights, we later perform a sensitivity analysis across several key model parameters. We set
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Ao = 666.67, ap = —0.99, b, = 1.79, and ¢; = 1 for k € S and i € {Online, Walk-in}. For simplicity,
we assume all products have identical variable costs of production and set v, = 0.3 for k € S. These
parameters yield a nominal demand rate vector of \* = (33.33,33.33,33.33, 33.33) and a nominal static price
vector of p* = (1,1,1,1). Under the nominal prices, a customer purchases a product with probability 0.2 and,
conditional on making a purchase, selects each product with equal probability.'® Given these parameters, the
total variable cost of production is 30% of the revenue, aligning with industry statistics (TouchBistro, 2025).
In the restaurant industry, fixed costs typically account for approximately 60% of the revenue (TouchBistro,
2025), corresponding to a fixed cost of production of 80 per unit of time in our example. Thus, accounting

for both fixed and variable costs of production, the profit rate in the absence of randomness is 13.33.

The production rates are set to pu; = pe = 100 and ps = 200. Hence, the server spends approximately
pr = 1/3 fraction of its time producing each product & € {1,2,3}. The abandonment rates are set to zero,
ie., ¢ =0 for k € S,. The abandonment costs are set to d = (p} — ) + 0.1 = 0.8 for k € S, = {1, 3}.
Similarly, thE rejection costs are set to rp, = 0.8 for k € S. The (per-unit) tardiness costs of all products are
the same and the (per-unit) earliness cost of the online MTO product is set to half of its tardiness cost, i.e.,
ar = 0.05 for k € S and B4 = 0.025. The holding cost of the walk-in MTS product is set to a quarter of its
tardiness costs, i.e., hy = 0.25a3 = 0.0125. Finally, the system (scaling) parameter is set to n = 100. Given

these model parameters, it follows that {* = —0.06, wg = 1.67, wy; = 2.50, u* = 8.16 and k* = 1.

8.3 Results and Managerial Insights

Ideally, the performance of the proposed policy should be compared against a benchmark to validate its
effectiveness. However, there is no exact method for solving the original control problem due to the presence
of the sojourn times in the second term of (14). Nevertheless, as is standard in the heavy-traffic literature
(see, e.g., Plambeck et al. (2001), Ata (2006), and Rubino and Ata (2009)), one can obtain a reasonable
approximation to the original problem by replacing wy(t) with Q(t)/A} for k € S and ¢t > 0. This approxi-
mation yields a semi-Markov decision process (SMDP) formulation of the joint dynamic pricing, scheduling,
and rejection control problem; see Appendix D.1 for details. Therefore, we compare the performance of
our proposed policy with the optimal solution of this surrogate control problem—henceforth referred to as
the SMDP policy with dynamic prices. This policy can only be computed numerically when the number of

products is small, as it suffers from the curse of dimensionality; see Appendix D.2 for details.

To further examine the performance of our proposed policy and quantify the value of dynamic pricing, we
compare our proposed policy—also referred to as the BCP policy with dynamic prices—with three additional
policies. The first policy—referred to as the SMDP policy with static prices—optimizes the rejection and

scheduling decisions dynamically under the best static price vector. Specifically, given a static price vector,

98everal reports, including the one referenced in Korniichuk and Boryczka (2021), cite conversion rates in the
restaurant industry to be in the range of 15% to 25% for online customers.
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we solve the SMDP described in Appendix D.1 to find the optimal rejection and scheduling decisions. Then,

we use gradient descent to find the static price vector that minimizes the long-run average cost of the SMDP.

The second policy—referred to as the BCP policy with static prices—uses a static price vector in con-
junction with dynamic rejection and scheduling policies similar to our proposed policy. Specifically, it is
the policy corresponding to the optimal solution to the workload formulation with a static drift rate. To
construct this policy, we solve the Bellman equation corresponding to a workload formulation with a given
static drift rate. Then, we use gradient descent to find the static drift rate that minimizes the long-run

average cost of the workload formulation.

The third policy—referred to as the BCP policy with online-only dynamic prices—uses dynamic pricing,
rejection, and scheduling policies similar to our proposed policy, except the prices of the walk-in products
are static. This policy corresponds to the optimal solution to the Brownian control problem with a static
drift rate for the walk-in products. To construct this policy, for a given drift rate vector for the walk-in
products, we solve the resulting workload formulation. Then, we use gradient descent to find the static drift

rate vector for the walk-in products that minimizes the long-run average cost of this workload formulation.

We simulate each policy 100 times for 105 time units starting with an initial queue length of zero for all
products. To eliminate the transient effects, the initial 20% of each run is discarded. Table 1 in Appendix D.3
reports the mean and 95% confidence interval for the prices used by each policy in the base case. Across all
policies and products, prices remain within 13% of the nominal static prices. This highlights that the price
adjustments required for dynamic pricing are modest, aligning with regulatory preferences that discourage
large price swings (Clyne-Canham, 2023a). The BCP policies with static and dynamic prices use prices
that are close to those of their SMDP counterparts. The static pricing policies use prices that are modestly
higher (about 1-2%) than the average prices used by the dynamic pricing policies. However, dynamic pricing
policies exhibit greater dispersion: while the average price is lower, some customers face prices up to 10%
higher. Finally, static pricing is operationally less attractive—customers pay higher prices on average, and

as we will see later, businesses incur higher costs.

We conduct a sensitivity analysis across several key parameters. Figure 4 reports the long-run average
cost of various policies across a range of parameter values. Tables 2-7 in Appendix D.3 report both the
long-run average costs and the gaps relative to the SMDP policy with dynamic prices. Our proposed policy
maintains a consistently small gap relative to the SMDP policy with dynamic prices (less than 5% in all
instances), and it outperforms the static pricing policies by a significant margin in almost all instances. The
considerable gap between the proposed policy and the SMDP policy with static prices (approximately 38%
in the base case) highlights the value of dynamic pricing. The small gap between the BCP policy with static
prices and the SMDP policy with static prices (less than 5% in almost all instances) highlights the small
sub-optimality of our scheduling, rejection, and static pricing decisions. While our comparative analysis

highlights the superior performance of the proposed policy, it also yields broader insights into when dynamic
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Figure 4: Tmpact of the load factor, magnitude of the state (earliness, tardiness, and holding) costs, fraction
of the demand choosing the MTS good under p* (i.e., nominal MTS demand), fraction of the demand
choosing the online channel under p* (i.e., nominal online demand), abandonment rate, and the nested logit
correlation parameter on the performance of the various policies. The shaded areas depict the 95% confidence
intervals.

pricing delivers greater value (relative to static pricing). By value, we refer to the relative (percentage)

performance improvement of dynamic pricing policies.

First, we examine the impact of the load factor )}, - ¢ Aj;/pr by varying the rate at which customers arrive
Ag. Figure 4a shows that as the load factor increases, the long-run average cost of all the policies increases.
However, the value of dynamic pricing relative to static pricing increases; see Table 2 in Appendix D.3.
This is because as the load factor increases, so does the (average) workload, thereby increasing the value of

policies that can dynamically adjust the demand rate to mitigate congestion.

Second, we examine the impact of the state (earliness, tardiness, and holding) costs by varying the
magnitude of the tardiness costs aj proportionally while holding the ratios fi/ay and hi/ay fixed. As
depicted in Figure 4b, increasing the state costs increases the long-run average cost of all policies. Our
proposed policy maintains a small gap relative to the SMDP policy with dynamic prices across all tardiness
cost values. Moreover, the value of dynamic pricing (relative to static pricing) remains consistently high

(over 25%) across all tardiness cost values; see Table 3 in Appendix D.3.

Third, we examine the impact of demand composition—specifically, the fraction of customers choosing
the MTS good and the fraction choosing the online channel. To that end, we vary the demand function

parameters to change the nominal MTS demand, i.e., }_, s, Mk» and the nominal online demand, i.e.,
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Zkeso A%, while keeping the total demand rate, i.e., >, .5 Af, and the nominal static prices fixed, thereby
keeping the nominal profit rate fixed. Figures 4c and 4d show that as either the nominal MTS or online
demand increase, the long-run average cost of all the policies decreases. This can be attributed to the
additional flexibility conferred by the MTS good and the online channel. Moreover, the value of dynamic
pricing (relative to static pricing) increases with either the nominal MTS or online demand; see Tables 4
and 5 in Appendix D.3. This is because, as either quantity increases, the system spends less time in states

with high tardiness costs, increasing the value of policies that can dynamically adjust the demand rate.

Our findings carry important managerial insights and implications regarding the impact of demand com-
position. First, businesses with substantial online demand—or the ability to shift demand online—stand to
benefit most from dynamic pricing. A similar, albeit more modest, conclusion applies to businesses with high
MTS demand. Second, as the nominal online demand increases, the gap between the fully dynamic pricing
policies and the BCP policy with online-only dynamic prices decreases.!! This suggests that dynamically
pricing the online channel only can be a suitable entry point for adopting dynamic pricing, particularly
for businesses with a strong online channel, such as many restaurants. This policy enables such business
to realize significant gains by starting with the online channel while gradually developing the capabilities

needed to dynamically price the walk-in channel.

Fourth, we examine the impact of customer abandonments. To that end, we vary the abandonment rates
{1 and {3, while maintaining ¢; = /3. Figure 4e shows that as the abandonment rates increase, the long-run
average cost of all policies increases, while the value of dynamic pricing (relative to static pricing) decreases;
see Table 6 in Appendix D.3. Abandonments reduce the effective load on the system, thereby decreasing
the average workload and diminishing the value of policies that can dynamically adjust the demand rate. In
other words, abandonments act as a partial substitute for dynamic pricing by reducing system congestion.
Finally, we examine the impact of the correlation parameter in the nested logit model. Figure 4f shows that
the value of dynamic pricing (relative to static pricing) decreases as the correlation parameter decreases; see
Table 7 in Appendix D.3. That is, as products within a nest become closer substitutes, the value of dynamic

pricing decreases.
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A Formal Derivation of the Approximating Brownian System

This section presents a formal derivation for the approximating Brownian control problem discussed in
Section 4. The analysis given below does not constitute a rigorous convergence proof of the pre-limit
production system to its Brownian approximation. However, the arguments made in support of the Brownian

approximation can be viewed as a broad outline of such a proof.

There are two common approaches used to formally derive approximating Brownian systems: weak
convergence arguments and functional strong approximations. The weak convergence approach involves
arguing that the distribution of a sequence of centered and scaled stochastic processes converges to the
distribution of a limiting process; see, e.g., Harrison (1988, 2003). On the other hand, the functional strong
approximation approach involves arguing the almost sure convergence of a sequence of stochastic processes
to a limiting process; see, e.g., Celik and Maglaras (2008) and Ata and Tongarlak (2013). Although both
methods produce the same approximating Brownian system, as a deliberate effort to align with the seminal

works of J. Michael Harrison, we opt for a weak convergence argument.

The general procedure is as follows: First, we consider a sequence of systems indexed by n, operating
under conditions of heavy traffic. Second, we center and scale the processes of interest. Finally, we let n
get large and replace these processes with their formal limits; see Harrison (1988, 2003) for a more detailed
explanation of this procedure. Before proceeding with the analysis, we impose two technical assumptions
that underlie the mathematical development. First, all random elements are defined on a fixed probability
space. Second, all continuous-time stochastic processes have sample paths that are right-continuous with

finite left limits (RCLL).

Fluid and Diffusion Scaled Processes. We begin by defining the fluid-scaled and diffusion-scaled

processes. For k € S, the fluid-scaled instantaneous demand rate process is defined as

A (t) = A%ét) e S0y (71)

VA

For k € §, the fluid-scaled queue length process is defined as

QL) = Q) _ Zi®) t>0. (72)

n N

For k € S""° U SY™ the diffusion-scaled production process is defined as

anipy . OR() = i
' vn

For k € 8)'"®, the scaled (deterministic) reallocation process is defined as

. >0 (73)

Sr(t) = W t>0. (74)
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For k € S, the diffusion-scaled Poisson process for order arrivals is defined as

Np(t) = W t>0. (75)

For k € S,,, the diffusion-scaled Poisson process for customer abandonments is defined as

My (nt) — nt
\/ﬁ )

Note from the development in Section 3.2 that Sy = {Sk(t) : ¢ > 0} is a renewal process with rate py, for

MP(t) = t>0. (76)

each k € S. Tt follows from the functional central limit theorem for renewal processes and the independence
of the processes S, N, and M that the diffusion-scaled processes §™, N™, and M" converge in distribution to
independent multi-dimensional Brownian motions (of appropriate dimension) with independent components;

see Billingsley (1999, Section 14) for details.

Scaled Queue Length Process for the MTO Products. We next rewrite the scaled queue
length processes for the MTO products: For & € S™" and ¢t > 0, we have that

Qi(t) = Ni( / Np(s)ds) = ST ) - / Lpesproy B[QHE)] Tds) — B0

- Nk(n/ot A2 () ds) + [n/otx;;(s)ds - n/OtX;;(s)ds]

= SpTE) + ) — ] - M / Tpesyroy Q9] Tds)

U Lgesuroy b [QF ()] Tds /Otn{kesgm}zk [Qg(s)]ws} — R

= [M(n / )ds) = n / Ni(s)ds| + n / i) ds - [SE(TE®) = piTEw)| — wT
{ (/ Likesyroy e [Q (s )]+d5) —/Ot Lipesuroyli [QZ(S)]+ds]
/0 Leesmroy ls [QR(s)] Tds — Ry(t), (77)

where the first equality follows from (5), the second equality from (28) and (71), and the third equality by
the associative property. Dividing both sides of (77) by y/n and using (21) gives

S ] Ni(s)ds) - n / () ds] + v / p(s)ds —=[semr) - mreo)]
- %M?Tﬁ(t) - \}H[M’“(/Otﬂ{kesam}fk (Qi(s)] " ds) ‘/Otﬂ{kesym}fk [@k()] "ds]
— ;ﬁAt ]l{kES&”O}gk [QZ(S)]+dS — %Rz(t)

= 52 ( [ Mpeds) + v [ Rs)ds = SPIRO) - =i TR0 + =it - o]

Zi (1)

t t
- Ml?(/o 1 pesuroyly [QZ(S)]+ds) —/O 1ijesuroyl [Z,?(s)]+ds — Op(t), (78)
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where the second equality follows from (21), (72)—(73), and (75). Then, rearranging the terms on the
right-hand side of (78) gives

Zi(t)

[ ( /0 3(s) ds) — Sp(T(n) - At /0 1 tresyroy e [QR(5)] Tds) |
+ \/H/Ot /_\Z(S) ds — /Ot ]l{kesvlt;lTO}Ek [Z]?(s)]"'ds — %uzmgt
- 0p(0) = =i [T00) = o]
= (8 ( [ Sreas) = ) - 31 ([ dpespmor Qi) ds) = mon]
+ Vn(Xg = pwpr)t —&—/Ot Ck(s)ds — /Ot Lyjesuroy b [Z;J(S)]"’ds
= OO + (e + =) Y000 (79)

where the second equality follows from (23), (71), and rearranging terms. Finally, we define the process

{X(t) : t > 0} for k € SM as follows:

Xp(t) = N ( / ) ds) = Sp(T(n) - At ( / t Ol gesyroy [Qi(s)]) Tds) — meprt. (80)

Using the definition of p; in (19) and substituting (80) into (79), we obtain the following expression for the
scaled queue length process for the MTO products:

Z,?(t) Xk Ck dS —/ ]l{keSMTO}gk [Zk( )]+d8 — O;:L(t) + (Mk + %nk>ykn(t). (81)

Scaled Queue Length Process for the Walk-In MTS Products. We next rewrite the scaled
queue length processes for the walk-in MTS products: For k € SX'™ and t > 0, we have that

Nk(/ot AL (s) ds) — Sp(T (1) — Mk(/otfﬁ [QZ(S)] ) ~ R Z sr(rm

JESMTS(k)
= N, (n /O ! Ak (s) ds) + [n /0 ! Ai(s)ds — mn /Ot X0 (s) ds] — Sp(TR() + [Mng(t) - Mngn(t)}
([ [Q;;(s)]*ds) o [ [ alerentas - [ afere) es] - ma
X SHIW) - X Ty — )]

jESMTS(k) SMTS(k)

Qx (t)

_ [Nk(n/ot 2o (s) ds) - n/ot X2 (s) ds} + n/ot N (s)ds — [sg(Tg(t)) - u;;T,g(t)} — WPTI()
. [Mk</0t€k[c;)’,§(s)]+ds) —/tfk[QZ(s)]ers] —/()ték[QZ(s)]+ds — R,
+ 3 [srarw) - wrre] + Y e (82)

JESYTS (k) JESYTS (k)
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where the first equality follows from (6), the second equality from (28) and (71), and the third equality by
the associative property. Dividing both sides of (82) by 4/n and using (21) gives

%{N;€ (n/ot A2 (s) ds) — n/ot A2 (s) ds} + \/ﬁ/ot An(s)ds — %{SQ(TIS(”) - MZTI?(t)}

- %NZTI?(U - \}E[Mk(/o U [QZ(S)]erS) —/O Oy [Qﬁ(s)rds} \f ék [Qk (s )] ds
- R0+ Y Z[SEe) - mTe] + Y st

FESMTS (k) . SMTS(k)
N;?(/Ot Ak (s) ds) + \/ﬁ/ot Ar(s)ds — Sp(Ty(t)) — \f [T () + %[u%pkt B MZPkt}
- </ot wl@re)] as) - [ ez s - 0o + X S

j GSI\ITS (k})

+ Z prTR () + Y %[M?A;uj_lt - u?)\;u;lt}, (83)

SI\’ITS(k) GS(I)VITS(IC)

Z5(t)

where the second equality follows from (21) and (72)—(75). Then, rearranging the terms on the right-hand
side of (83) gives

720 = [ ( [ Aas) - Seaem) - ([ fre) as) + 3 8 ro)

JESMTS(k)
t t
Vi [ A ds = [ nlzpe] s - ot + X =Nt = 0L
0 0 MTS
JES, (k)
1
Mk Tk pk;t + Z - )\* 71
ol - f sl -
t
= [ 1?(/ Ak (s) dS — SE(TV(®) — / U [Q(s dS) IR0
0 FESMTS (k)

+ (*Ukpk- + Z ﬁjA§#;1)t

FESYTS (k)

/Otgk [Z};(S)]*dg — Op(t) + (,Uk + \}nk)Yk Z (uj )Yj”(t), (84)

€SMTS (k‘)

t
+ \/ﬁ()\z + > Nyt - ,ukpk)t +/O Ck(s)ds

JESITE (k)

where the second equality follows from (23), (71), and rearranging terms. Finally, we define the process

X ={Xp(t):t >0} for k € S as follows:

X£<t>=N£(/0t H(s)ds) — Sp(TE(D) ~ A,z(/tﬁk[@ms)]*ds)
+ > S (TRY) (ﬁkpk—Zm ) (85)

ESI\/ITS(k) ]ESMTS(k)
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Using the definition of py in (19) and substituting (85) into (84), we obtain the following expression for the
scaled queue length process for the walk-in MTS products:

Zr(t) = XP(t) + /0 Cu(s)ds — /0 0 [20(5)] Tds — O} (1)
+ (e om0 = 3 (1 + =)0 (56)

JESHTE (k)

Scaled Queue Length Process for the Online MTS Products. We next rewrite the scaled

queue length processes for the online MTS products: For k € 8™ and ¢ > 0, we have that
¢
Qut) = Ne( [ Ap(s)ds) = sp(apee) - B
¢t ¢t t
— N, (n/ X1 (s) ds) + [n/ N2 (s)ds — n/ X2 (s) ds} — ST )
0 0 0
+ [T - W] - R
t t ¢t
= [Nk(n/ AL (s) ds) — n/ AL (s) ds} + n/ A (s)ds
0 0 0
= [spmw) - mTEm)] - mTe) - R, (87)

where the first equality follows from (6), the second equality from (71), and the third equality by the
associative property. Dividing both sides of (87) by /n and using (21) gives

Z(t) = \}H[Nk(n/ot Np(s) ds) n/ot Np(s)ds| + \/ﬁ/ot A7 (s) ds
- (S @w) - mTo] - ZnTo - =R
=£/v @+¢jv s = SEIR0) — ST )
+fmmwt piNE ] = O, (88)

where the second equality follows from (21) and (74)—(75). Then, rearranging the terms on the right-hand
side of (88) gives

Nk //\k - Sp(TY; (t))} + \/ﬁ/ot/_\;i(s)ds
1
7
:WMAXWMQ—QMWm—m&mﬂ+vﬂm—Mm@%+A@@@

= 00 + (e + =) Y000 (39)

- f /\k:ufk

— Op(t) - ;4[T£u> Mo ]
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where the second equality follows from (23), (71), and rearranging terms. Finally, we define the process

{X7(t) : t > 0} for k € 8M'"* as follows:

xp) = N7 (| M(s)ds) — SPTR(D) — meMpug 't (90)
0

By canceling terms and substituting (90) into (89), we obtain the following expression for the scaled queue

length process for the online MTS products:

220 = XP(0) + [ Gls)ds = OF®) + (e + =)0 (97)

Cumulative Cost Process. We now derive an expression for the cumulative cost process. Recall that

the cumulative profit process V" = {V"(t) : t > 0} for the nth system is given by

Vr(t) —/ " (A" (s)) ds — Z/ op (wi(s) = 6p) dAR(s) = Y /h” n(s)] ds

keS ke SMTS

-3 apani / QRO ds) — Y RR(), (92)

kESy keS

where the process A} = {A}(t) : t > 0} tracks the number of admitted class k € S orders over time in the

nth system, and it is given by

() = N / A(s) ds) — RY(1). (93)

We rewrite (92) by considering each term on the right-hand side individually. For the first term on the
right-hand side of (92), applying (18) and (20) gives

n n n * * 1
" (\"(s)) = ™ (n\* + v/nC(s)) = nH()\ —|—%C(s)>. (94)

Since A\* € interior(£) and II is twice continuously differentiable on £ (see Assumptions 3 and 4), for

sufficiently large n, the multivariate version of Taylor’s theorem yields
* 1 _ * 1 *\/ i / *
H()\ + ﬁC(s)) = T + =IO ) + 5-¢() V(M) ¢(s) + o(1/n)
= T + 5 Cls) PTIN)C(s) + of1/m). (95)

where the second equality follows from VII(A\*) = 0 (see Assumption 3). Substituting (95) into (94) and
integrating both sides then gives

/ I (A" (s)) ds = nIIA)E + % / C(s) V2IIN") ¢(s) ds + o(1/n). (96)
0 0
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For the second term on the right-hand side of (92), letting A} (¢) :== n~*AR(¢) for t > 0 and applying (26)

gives

/0 vy (wg(s) — 5") dA} (s \f/ U wk 52) dA}(s) :/0 UL (\/ﬁwﬁ(s) — 5k) dflg(s),

where the second equality follows from (27). Finally, for the fourth term on the right-hand side of (92),
applying (21), (25), (28), and (74) gives

3 dsz( / o [Qu(s) =Y 4 [Mk ( /0 ‘0 [Qz(s)rds) + / A [z;;(s)}*ds]. (97)

kESw kESy 0

Then, by combining (25)—(29), (92), (96), and (97), we obtain the following expression for the cumulative

cost process:

(1) :_7/4 YV2II(A*)C ds+2/kawk ) — Ok) dAR (s +Z/hkzk ds

keS keSMTS
+ Z / dkfk Zk dS + Z d;d\%?(/ Uy [Qk ) + ZrkOk + O 1). (98)
kESw kESw keS

Approximating Brownian Control Problem. We established above that the scaled queue length
processes for the MTO, walk-in MTS, and online MTS products satisfy (80)—(81), (85)—(86), and (90)—
(91), respectively, and that the cumulative cost process satisfies (98). We now provide a formal limiting
argument to justify approximating these processes with their diffusion limits as n gets large. As articulated
in Section 4.1 (in particular, see (22)), a key assertion in this approximation is that as n grows large, the

only allocation policies worthy of consideration are those satisfying

TR(t) ~ prt, ke S™OUS)™  and TPt m At ke ST

w o

We now argue that the K-dimensional process X" = (X}), given by (80), (85), and (90), can be approximated
by a K-dimensional Brownian motion X. By (71), observe that A" ~ A\* as n gets large. Applying the
functional central limit theorem for renewal processes and (a loose application of) the random time change
theorem, we approximate the first terms on the right-hand side of (80), (85), and (90) by By (Aft) for k € S,
where By, is a standard Brownian motion; see, e.g., Billingsley (1999). By (22), a similar reasoning applies

to the second terms on the right-hand side of (80) and (85) to argue that as n gets large,

B (\p(1+ €D, k e SMTO,

Sp(TE) = 4 -
Bie((M + & prpr)t), ke SV,

where Ek is a standard Brownian motion. Moreover, since the queue length processes are expected to be of

order y/n in the heavy-traffic regime, it follows that Q7(t) ~ 0 for k € S as n gets large; see (72). Finally,

by (74), it is immediate that SP(T7(t)) for k € SM™® converges to zero almost surely as n gets large. We
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conclude that the third term on the right-hand side of (80), the third and fourth terms on the right-hand side
of (85), and the second term on the right-hand side of (90) vanish as n gets large. This argument formally
justifies the approximation X! ~ Xj, for k € S as n gets large, where the X} are independent (v,0})

Brownian motions with infinitesimal drift and infinitesimal variance, respectively, given as follows:

—NkPk, ke SMTOa AZ (1 + C?k) ) ke SMT07
v = S —Mepe + 0 N/ g, k€ ST, op = AN+ 2 A, keSS,
- MTS . MTS
*JESO (k) rs . jeSy (k) wrs
—ENE/ ks ke SN, M ke SMs.

Using the formal limiting arguments above, we replace the processes Z;', X}, Y, I, and O} in the nth

system with their formal limits Zy, X, Yk, L, and Oy, respectively, which jointly satisfy the following:
t t
Zu() = Xu(t) + / Cels) ds — / 1oy (b Zf (s)ds — Ox(t) + mYe(t), ke 8™,
0 0 v
t t
Ze(t) = Xp(t) +/ Cr(s)ds —/ U Zi(s)ds — Ok(t) + mY(t) — > p;Y;(t), ke Sy™,
0 0

JESMTS (k)

Zy(t)

t
Xu(t) + / Co(s)ds — On(t) + mYe(t), ke SM™,
0

L(t) = > Yi(t)

’CESMTO USMTS

Similarly, (8)—(9) and (11)—(12) translate to the following conditions:

L and O are nondecreasing with L(0) = O(0) = 0,

Zi(t) > 0 for all k € SY™° USY™®

Finally, we consider the cumulative cost process in (98). Observe that the second term on the right-hand
side of (98) contains the sojourn time term wj(t) for a product k € S order accepted at time ¢. Applying
the “snapshot principle” of Reiman (1984), we approximate wj (t) as follows:

Tt ANG
V(o) ~ 4 - 2,
which becomes more accurate as the system approaches heavy traffic. The snapshot principle states that
in heavy traffic, the state of the system changes negligibly during the time an order spends in the system:;
see, e.g., Ata and Tongarlak (2013), Kim et al. (2018), and Liu and Sun (2022) for similar applications of
the snapshot principle. Furthermore, it follows from the functional strong law of large numbers, (a loose
application of) the random time change theorem, and the fact that the rejection process is expected to be

of order y/n in the heavy-traffic regime that Ag(t) ~ A;t as n gets large. Therefore, as n gets large,

/Otvk(\/ﬁw,?(s) — 6) dA}(s) z/ot Uk(Zfi%S) 75k) d(A\Ls) /Ot vk (Z(s) — ALOx) ds.
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Using the above formal limiting arguments, we replace the cumulative cost process £" in the nth with its

limiting process £, which satisfies the following;:

£t) = —%/O C(s) VPII(A*)C(s) ds + Z/O o (Z1(s) = Apow) ds + /0 hiwZ;; (s) ds

keS keSgTs

+3 /O dkli Z (s)ds + Y riO(t).

keSS, keS

B Solving the Bellman Equation

This section establishes the existence and uniqueness of the solution to the Bellman equation (56)—(57),
effectively proving Theorem 1. We also provide an explicit characterization of the optimal value function
and an optimal workload configuration function. To this end, we first analyze a class of Riccati equations in
Section B.1, which includes the Bellman equation, and provide an explicit solution for this class of equations.

We then apply these results in Section B.2 to construct a solution to the Bellman equation.

B.1 Solution to a Special Class of Riccati Equations

In this section, we analyze an initial value problem (IVP) associated with a special class of Riccati equations.

A Riccati equation is a first-order nonlinear ordinary differential equation of the form

Y (2) = fo(a)y® (@) + fi(@)y(z) + fo(z),

where fy, f1, and fo are given functions of . The differential equation component of the Bellman equation
(60)—(61) is a Riccati equation on specific intervals, and the results here facilitate the derivation of its

solution; see Appendix B.2 for details. To this end, we consider the following initial value problem:

y(z) = cy®(x) + (32 + co)y(x) + 1z + ¢o, 2 € ]0,00), (99)

y(0) = o, (100)
where g, ¢o, €1, C2, ¢3, ¢4 € R are constants such that ¢4 # 0.

Lemma 2. There erists a unique solution y € C1[0,00) to (99)-(100).

Proof. We first establish the existence of a solution to (99)—(100). This result is included here for complete-
ness, as it previews the closed-form solution derived later. We consider two cases: ¢3 = 0 and ¢3 # 0. In
both cases, the solution can be expressed in terms of special functions; see, e.g., Zaitsev and Polyanin (2002,
Sections 1.2.2-2 and 2.1.2-3). If ¢3 = 0, the solution can be expressed in terms of Airy functions. If ¢3 # 0,

the solution can be expressed in terms of confluent hypergeometric functions.
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We next establish the uniqueness of a solution to (99)—(100). Observe that (99) can be written in the

form y'(z) = f(z,y(x)), where f : [0,00) x R — R is defined as follows:
flxy) = cay® + (a2 + )y + 1z + o, (2,y) €[0,00) X R.

By the Picard-Lindel6f Theorem, uniqueness follows if f is locally Lipschitz in y, i.e., if f is Lipschitz in
y when restricted to the compact set [0, N] x [-M, M] for arbitrary N, M > 0. To see this, note that for
x € [0,N] and y1,y2 € [-M, M],

|f(z,y2) — fl,yn)] = |(cays + (csz + c2)y2) — (cayi + (csz + c2)un)|

< ealfys = vil + [ese + eaf |yo — 1]
= (leal vz + wal + [es + cal )y = 1]
< (2Mles] + Nles| + |ea]) vz = w1

= Ly |y2 — w1,

where Ly pr = 2M’c41| + N|03| + ’(:2| < 00. Therefore, f is locally Lipschitz in y, and it follows that the
solution to (99)—(100) is unique. O

As a preliminary step in solving (99)—(100), we establish the following result, which provides an equiva-

lence between this problem and a second-order initial value problem.

Lemma 3. For each y € C*[0,00) satisfying (99)-(100), the function z(z) = exp(— c4 [y y(t)dt) for

x € [0,00) satisfies

2"(2) — (c3w + 2)2'(z) + ca(crr + co)z(z) = 0, =z € [0,00), (101)

2(0) =1, 2'(0) = —cayo. (102)

Conwersely, for each z € C?[0,00) satisfying (101)-(102), the function y(x) = —2'(x)/(caz(x)) for x € [0, 0)
satisfies (99)-(100).

Proof. Apart from minor notational differences, the proof is identical to that of Lemma 23 in Alwan et al.

(2024). O

Next, we discuss the solution to (99)-(100). To simplify the analysis, we assume that ¢g > 0. This
assumption entails no loss of generality, as the Bellman equation satisfies this condition. We proceed by

considering two distinct cases: ¢z = 0 and c¢3 > 0.

Case 1: Solution for cg = 0. When ¢z =0, (101) simplifies to the following;:

Z'(x) — 2/ (x) + calcrw + co)z(x) = 0, =z €0,00). (103)
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Following Ata and Barjesteh (2022, Appendix C), we write the solution to (101) in terms of Airy functions.
The Airy functions of the first kind Ai: R — R and of the second kind Bi : R — R are defined as

1 o oo

1
Ai(z) = ;/0 cos(%z?’—i—zx) dz and Bi(z) = ;/0 (cos(—%z?’—kzx) + Sin(%z?’—kzx)) dz, zeR.

The next lemma provides a closed-form solution to (99)-(100) when ¢z = 0. To state it, define the linear

function u(z) = [¢3 — des(ciz + co)] /4(c1ea)?? for 2 € R, and let C; and Cs be constants given by

Bi' (u(0)) — Bi(u(0))(c1ca) "3 (cayo + %) - —A¥'(u(0) + Ai(u(0))(crea) " (cayo + F)

= Ai(u(0))Bi'(u(0)) — Ai'(u(0))Bi(u(0)) T Ai(u(0)BY (u(0)) — A (u(0))Bi(u(0))

Lemma 4. Suppose that c3 = 0 and let z € C?[0,00) be the function defined by

Cox\ .
Az) = C exp(%) Ai(u(x)) + Cy exp( )Bl( (z)), = €[0,00).
Then, the function y(z) = —z'(x)/(caz(x)) for x € [0,00) is the unique solution to (99)—(100).
Proof. Apart from minor notational differences, the proof is identical to that of Lemma EC.2 in Ata and

Barjesteh (2022). O

Case 2: Solution for cg > 0. When ¢3 > 0, we take a similar approach as above, with the primary
difference being that the second-order differential equation in Lemma 3 retains the constant cg, resulting
in a different solution. As shown in Zaitsev and Polyanin (2002, Equation 2.1.2.108) and Abramowitz and
Stegun (1965, Chapter 13), the general solution to (101) when c3 # 0 is given by

z(z) = exp(Cz)u(4, %, %’(m —B)?), z€0,00), (104)

where A == —c3c?/2¢3 + cacica/2¢3 — coca/2c3, B = 2cicq/c3 + ca/c3, and C = ci¢y4/c3, and the function

x — u(a,b,x) for x € [0,00) is the general solution to the degenerate hypergeometric differential equation
zu”(z) + (b—x)u'(z) — au(z) = 0.

When b is not an integer, as is the case in (104), the general solution to this hypergeometric equation can

be expressed in terms of Kummer’s function, defined as

®(a, b, z) = 1—1—2
k:l

—
@‘@

% € [0,),

where (a)o =1 and (a); =ala+1)---(a+k —1) for £ € N. Kummer’s function is an entire function of

x (i.e., an analytic function on the entire real line), except when b is a negative integer; see, e.g., Kummer

(1837) and Zaitsev and Polyanin (2002, Section S.2.7) for further details. Using Kummer’s function, the
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general solution to the hypergeometric equation is given by
u(r) = C1®(a, b, x) + Cox'P®(a—b+1,2—b,z), x€[0,00), (105)

where C; and Cs are arbitrary constants. The next lemma provides a closed-form solution to (99)—(100)

when c3 # 0. To state it, let Cy and C3 be constants given by

P 2. 2.
o B(C + cyo)2(A+3,5.%52) — 1 P Sl CL G o ) (106)
B2es®(4, 3,752 )2(A+5, 3. 55%) — B(4, 5,552) IBIVF @(4+3.3, 552

Lemma 5. Suppose that c3 > 0 and let z € C?[0,00) be the function defined by

z(z) = exp(Cx) (Cl@(A,%, %(m—B)z) + O, xl/zq)(A—i— 7;%3@ — B)Q)), x € [0, 00).

N =

Then, the function y(z) = —2'(x)/(caz(x)) for x € [0,00) is the unique solution to (99)-(100).

Proof. Tt follows from Lemma 3, along with (104)—(105) and the surrounding discussion, that y satisfies (99).

Moreover, by the product rule and the chain rule for differentiation, for € [0, 00) it follows that

Z'(x) = Cexp(Cx) z(x) + exp(Cx) (Clcg(x — B)®'(A, %, C53@ — B)?)
3 C3
2

- CoyfFnle = B) (044 5.5, 500 B) ol W4t 5. G 5) )

Using the expressions for C; and Cj in (106), it is easily verified that z(0) = 1 and 2/(0) = —cayg. We
conclude that y satisfies (100). Finally, uniqueness follows from Lemma 2. O
B.2 Existence of a Solution to the Bellman Equation

In this section, we analyze two IVPs that are closely related to the Bellman equation (60)—(61) introduced
in Section 6.2. As a preliminary step, we first establish key properties of the effective state cost function
in Section B.2.1 and then present additional auxiliary results in Section B.2.2 to facilitate the analysis of
the IVPs. Finally, in Section B.2.3, we introduce the IVPs and leverage the results from Sections B.2.1 and

B.2.2 to prove the existence of a unique solution to the Bellman equation.

B.2.1 Characterization of the Effective State Cost Function

To facilitate the analysis to follow, we recall key definitions from Section 6.2. First, the effective state cost

function ¢ : R? — R, originally defined in (59), is restated here for convenience:

d(w,y) = min p(z,y), w,y€R,
z€A(w)
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where A(w) denotes the set of admissible workload distribution vectors at workload level w, as defined in

(45). Second, the function ¢ : RF x R — R, originally defined in (55), is restated here for convenience:

o(z,y) = Z O (de — muy) 2 + Z vk (21 — ARok) + Z hizy, (z,y) € RExR,
kESw keS ke‘g“l\]/ITS
where the cost function vy for k € S is given by (13). Third, the cost terms &; and B, originally defined in

(66), are restated here for convenience:

(077 + ﬂk(dk - mky)u ke Sw7 A 5167 ke SO U SVITIITO7

a, kes,, | b, ke SV

The corresponding cost functions 0 : R — R for &k € S (comprising tardiness, earliness, holding, and

abandonment costs), originally defined in (67), are restated here for convenience:

ar(y)x, x>0,

_Bk x, x < 0.

Finally, the function ¢, which was rewritten in (68), is restated it here for convenience:

p(zy) = Z@k(zk — A\iok,y) + Z ox(zr,y),  (2,9) € RFXR.
k€S, kESw

The next two results establish that as long as y < k, the workload cannot be distributed in a way that results
in a negative effective state cost.'?> The restriction y < k also allows us to derive a closed-form expression
for ¢, which facilitates the analysis in Section B.2.3. Nevertheless, as noted in the footnote, this restriction

is harmless for our purposes.

Lemma 6. For all k € § and y € (—o0, k], we have that éi(y) > 0 and B > 0, with By > 0 for all
k/’ c SMTO U SMTS.

Proof. By (44) and Assumption 2, we have k < di/my, for all k € S,,, implying that dx — mgy > 0 for all
such k. Also recall that ap > 0 for all k € S, ¢, > 0 for all k € S, B, = 0 for k € SY™° US™M™, B > 0
for k € S, and hy > 0 for k € S)'™° (see Sections 3.4 and 4.2). Substituting these inequalities into the
definitions of dy(y) and fBj in (66), it follows that ax(y) > 0 for all k € S and y € (—o0, k], B > 0 for all
ke SMTOUSM™S and B = 0 for all k € S¥TO U SM™, O

Corollary 3. For allw € R and y € (—o0, k], we have that ¢(w,y) > 0.

Proof. By (67)-(68) and Lemma 6, we have ¢(z,y) > 0 for all z € RX and y € (—o0,s]. It then follows
from (59) that ¢(w,y) >0 for all w € R and y € (—o0, K. O

12The restriction y < & is needed because if y > &, there could exist a class k € Sy, such that d — mpy < 0. In
this case, one could increase z,:r without bound, leading to an unbounded state cost from below. This restriction is
innocuous, as the optimal value function (as we will show later) satisfies v(w) < & for w € [, u].
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We next provide a closed-form characterization of the effective state cost function ¢ when y € (—oo, k]
by means of identifying a minimizer on the right-hand side of (59). Since here we focus solely on the
mathematical results, we encourage the reader to refer to Section 6.3—in particular, Figures 2 and 3—for
a more detailed intuitive explanation of the mathematical expressions that follow. To that end, recall the

constants wy and wy, originally defined in (62), which are restated here for convenience:

wo = E mEAL0r and wy = E M AL Ok
kesMTo kesS,

These constants are introduced because the structure of the effective state cost function and its minimizer
differs across the three intervals (—oo, wy), [wg,w], and (w1, 00). Before stating the results, we define the
not necessarily unique) bijective mapping * : e + — at orders the

t ily uniq bijecti pping * 1,...,|8"° Sy SYTC U SY™® that orders th

online MTO and walk-in MTS products in increasing order of Bk /my, so that
Bi*(k)/mi*(k) < Bi*(k+1)/mi*(k+1) for k=1,..., |S§4TO| + |S‘§,{TS| —1.

We then define I := min{l < k < |SM"°| + |SM™®| : i*(k) € S)"®}, which corresponds to the index of the
cheapest walk-in MTS product according to the ordering above. In particular, i*(1) € Sy'™ is the cheapest
walk-in MTS product according to the ordering above, while products i*(j) € SY'*° for j =1,...,1 — 1 are
the online MTO products that are cheaper than ¢*(I) in the same sense. We now define the product class

k*(w,y) € S for w € R and y € (—o0, k] as follows:

k—1
max {1 <k<I: Zml—*(j))\f*(j)éi*(j) < wo — w}7 w € (—o0,wp),
j=1
k*(w,y) = { min{k € S : Z MmO, > w — wo }, w € [wo, w1], (107)
JESMTS i<k
argmin { &y, (y) /mx }, w € (wy,00).
kes

Notice that k*(w,y) depends only on w when w € (—oc,w;] and depends only on y when w € (wy, 00).1? It is
straightforward to verify that we can equivalently, and more conveniently, express k*(w, y) for w € (—oo, wp)
and y € (—oo, k] as follows:

I—k, we|r,_,, 17 4 4), k=1,...,1-1,

K (w,y) = 108
() 1, w € (—o00, T,_4), (108)

BEquation (107) provides a single, unified definition of the product class k*(w,y) for all workload levels, rather
than defining it separately for different workload intervals. However, when the context permits, we may drop y (resp.,
w) and write k*(w) (resp., k*(y)) in favor of k*(w,y) when w < w; (resp., w > wy).
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where the interval endpoints 7, are given as follows:

Wo, k = 0,

— k
T, = ) (109)
wo — Zmi*(j))\i*(j)éi*(j), k= 1, ey I—1.

j=1
A more detailed description of k*(w,y) for w € (w1, 00) and y € (—oo, k] is provided in Section B.2.2.

With the above notation established, we next identify a minimizer of the right-hand side of (59) when
y € (—o0, k]. Define the workload configuration Z : R x (—o0, k] — R¥ as follows: For w € (—oco,wy), the

workload configuration is given by

A0k, ke SY N\ {i*(1), ..., i*(k*(w,y))},
Zp(w,y) = Ak = (Tpa o1 — W) /M, k= i*(k*(w,y)), (110)
0, otherwise.

For w € [wg, w1], the workload configuration is given by

A5 0, keSMPu{jes8™ j<k*(wy)},
Zi(w,y) = (w—wo— Y _ miNi6;)/my, k= k*(w,y), (111)

FESITS i <kr(w.y .
0, ° (w9) otherwise.

For w € (w1, 00), the workload configuration is given by

Z(w.y) Aok + (w—w1)/me, k =k (w,y), 112)
w,y) =
Ry A0k, otherwise.

The following lemma shows that the workload configuration defined above is an optimal workload configu-

ration, as it minimizes the effective state costs.

Lemma 7. The workload configuration Z defined in (110)-(112) satisfies Z(w,y) € argmin, ¢ 4., (2, Yy)
for allw € R and y € (—o0, K], i.e., is an optimal workload configuration. Moreover, the optimal workload

configuration need not be unique in general.

Proof. We must show that Z(w,y) € argmin, ¢ 4(,) #(z,y) for all w € R and y € (—o0, x]. To do so, we first

verify that Z(w,y) € A(w) for all w € R and y € (—o0, k]. For example, when w € (w1, c0), we have
m' Z(w,y) = Z)xwkmk + (w—wp) = w,
kes

where the second equality follows from the fact that w; = Zkeso ALopmy, = EkeS AL 0rmy, which holds
since 0 = 0 for k € S,,. The cases of w € (—oo0,wp) and w € [wp,w;] follow similarly and are therefore

omitted.

To complete the proof, we must show that ¢(z,y) > ¢(Z(w,y),y) for all w € R, y € (—o0, k], and
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z € A(w). We establish this inequality by considering w over the intervals (—oo, wy), [wo,w1], and (wy, 00).
While we omit the full mathematical details, we provide sufficient explanation to guide the reader through

the argument.

First, consider the case where w € [wp, w;]. In this case, the workload configuration Z(w,y) allocates a
workload of wg to the online MTO products without incurring earliness or tardiness costs. The remaining
workload, w — wy, is held in the online MTS products while ensuring that z}(w,y) < \;d for k € SX'°.
Consequently, no tardiness costs are incurred for the online MTO products. No workload is held in the
walk-in classes, which ensures their earliness, tardiness, and abandonment costs are zero. We conclude that
©(Z(w,y),y) = 0, and so the desired result follows from Corollary 3. Finally, since there are uncountably
many ways to distribute workload among the online MTS products without incurring tardiness costs, the
optimal workload configuration need not be unique.

Second, consider the case where w € (w1, 00). In this case, the workload configuration z}(w,y) holds a
workload of w; in the online classes without incurring earliness or tardiness costs. The remaining workload,
w — wi, is then held in the cheapest manner, i.e., in the product class with the lowest (effective) tardiness
and abandonment cost per unit of work.

Finally, consider the case where w € (—o0, wp). In this case, the workload configuration z}(w,y) initially
allocates a workload of wg to the online MTO products, with all other products receiving zero workload.
If left unchanged, this allocation would result in zero earliness, tardiness, holding, and abandonment costs
across all product classes. However, since wyg — w > 0, the workload configuration subtracts this excess
workload in the cheapest manner by decreasing the workload of the online MTO and walk-in MTS products
in increasing order of earliness or holding cost per unit of work. Meanwhile, the workload of the walk-in

MTO and online MTS products remains zero. O

The following corollary provides a closed-form expression for the effective state cost function.

Corollary 4. For w € R and y € (—o0, k|, the effective state cost function ¢(w,y) is given by

R 3 E*(w,y) =1
Bisrerww) Ty -1 — W)/ Mirrr(w,)) + j;l Bix(j)Niy 0y w € (=00, W),

¢(w’y> = 0, w e [wﬂawl]a

Cugor(a,g) (W) (W — W1) [ Mg, 5 w € (wy,00).

Proof. By Lemma 7, it follows that ¢(w,y) = ¢(Z(w,y),y) forallw € Rand y € (—o0, k]. Then, substituting
(110)—(112) into (55) and (59) and simplifying the terms yields the desired result. O

The following lemma establishes some structural properties of the effective state cost function, which

will be used in Section B.2.3.

Lemma 8. For each y € (—00, k], the mapping w — ¢(w,y) has the following properties:
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(a) It is continuous everywhere and differentiable almost everywhere with respect to Lebesgue measure.

(b) It is strictly decreasing on (—oo,wy) with ¢p(w,y) — o0 as w — —oo, constant on [wg,w]| with

d(w,y) =0, and strictly increasing on (w1, 00) with ¢(w,y) — 00 as w — oo.

Proof. Fix y € (—o0, k]. We first establish part (a). It follows from (108)-(109) and Corollary 4 that the
mapping w — ¢(w,y) is piecewise linear over its entire domain. Thus, to prove continuity, it suffices to
show that it is continuous at its breakpoints, i.e., the points where the derivative changes. It follows from
(108) and Corollary 4 that the breakpoints are 7;_;, ..., 77 , 7y , and ws. It is straightforward to verify that
w — ¢(w,y) is left-continuous on its entire domain and that its left and right limits agree at each breakpoint.
Therefore, w — ¢(w,y) is continuous. Moreover, since it is piecewise linear, it is differentiable except at a

set of Lebesgue measure zero, completing the proof of part (a).

We next establish part (b). On the interval (—oo,wy), since Bi*(k*(w’y)) > 0 (by Lemma 6) and
i*(k*(w,y)) € S U SY™ (by the definition of the mapping i*), it follows from Corollary 4 and part
(a) that w — ¢(w,y) is a continuous and piecewise linear function with negative slopes. Consequently,
w — ¢(w,y) is strictly decreasing on (—oo,wp) with ¢(w,y) — 0o as w — —oco. On the interval [wo, w1,
it follows from Corollary 4 that ¢(w,y) = 0 for all w € [wg, w1], as desired. On the interval (w;,00), since
Qjr(w,y)(y) > 0 (by Lemma 6) and w ~— k*(w,y) remains constant over the entire interval (by (107)), it
follows from Corollary 4 and part (a) that w — ¢(w,y) is a linear function with a constant positive slope.

Consequently, w — ¢(w,y) is strictly increasing on (wy, 00) with ¢(w,y) — 0o as w — oo. O

B.2.2 Characterization of the Product Class k*(w,y) for w € (w1, o0)

In this section, we further analyze the product class k*(w,y) defined in (107), focusing specifically on the
case where w € (wy,00) and y € (—o0, k]. An explicit characterization of this class will be useful for solving

the Bellman equation later. To facilitate the analysis, define the function A : (—oo, k] — R as follows:

A(y) = min{ax(y)/me}, y € (00, K] (113)

Moreover, we introduce the set S° = S, U{k € S,, : £x = 0}, which consists of all products with a zero

abandonment rate. The following result provides some useful structural properties of A.

Lemma 9. The function A : (—oo, k] = R is strictly positive, nonincreasing, continuous, concave, and non-
differentiable at most at finitely many points. Furthermore, it is either constant over its entire domain or
remains constant up to its first point of non-differentiability, after which it has a strictly negative derivative

at all points where it is differentiable.

Proof. We begin by establishing that A is strictly positive, nonincreasing, continuous, concave, and non-

differentiable at most at finitely many points. First, by Lemma 6, we have that A(y) > 0 for y € (—o0, &],
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i.e., A is strictly positive. Second, by (66), the mapping y — & (y) is nonincreasing and continuous for
each k € §. Since the pointwise infimum of nonincreasing and continuous functions is nonincreasing and
continuous, it follows that A is nonincreasing and continuous. Third, since the mappings y — dy(y) for k € S
are affine and the pointwise infimum of affine functions is concave (see, e.g., Boyd and Vandenberghe (2004,
Chapter 3)), it follows that A is concave. Finally, since A is the pointwise minimum of (a finite number of)
affine functions, it can only be non-differentiable at points where two of these functions intersect. Consider
ki,ke € S such that ¢, < fl,, and suppose that their corresponding affine functions intersect at some
y € (—o0,K], L.e., i, (V) /mr, = G, (y')/mi,. Since £y, < ly,, it follows that &g, (y)/mi, < Qr,(y)/mi,
for all y < ¢'. This implies that each affine function is either never equal to the pointwise minimum or it is
equal to the pointwise minimum on a convex interval. Since there are only finitely many such functions, A

is non-differentiable at most at finitely many points.

We now show that A is either constant over its entire domain or remains constant up to some point,
after which it has a strictly negative derivative except at finitely many points. We do so by considering two

exhaustive cases.

Case 1. Assume that there exists kg € S° such that ay,/my, < dr(k)/my for all k € S. It follows from
(66) and Lemma 6 that the mapping y — A& (y) is nonincreasing on (—oo, k] for all £k € S. Therefore,
ko /My < Gp(y)/my for all k € S and y < k. By the definition of A in (113), it then follows that

A(y) = ag,/my, for all y < k, which implies that A is a constant function.

Case 2. Suppose that the assumption in the previous case does not hold, i.e., there exists kg € {k € S, :
Ox > 0} such that dy, (y)/mr, < ax(y)/my for all k € S in a neighborhood to the left of . It follows that
A'(y) = =Ly, <0 for all y € (y1, k), where y; is the largest point such that éu, (y1)/mr, = &, (y1)/ms, for
some ky € S\{ko}.'® But then —fy, < —f;, <0, limy ~,, A'(y) = —y,, and lim,~ ,, A'(y) = —L,, implying
that A is not differentiable at y;. Continuing iteratively, we find the largest point y’ such that there exists
k' € 8% with ap /mp < ég(y)/my for all k € S and y < 3. We conclude that A is constant up to v/, after
which it has a strictly negative derivative except at finitely many points where it is non-differentiable. The

precise mathematical details are straightforward, though somewhat tedious, and are therefore omitted. [

By Lemma 9, the number of points where A is non-differentiable is finite; denote this number by b € N.

1Gince only products in S° can achieve the minimum in (113), there are at most K — |S°| — 1;50)=0} points where
A is non-differentiable. However, this detail is not essential for our purposes.

15Since du, (y)/mr, — 00 as y — —oo, there exists k; € S® and 71 < & such that b, (y)/mz, < bug(y)/mu, for
y < 41, where &z, (y1)/mg, = G, (§1)/mr,. This proves that y; exists.
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Setting 1o := &, we define the products k; and points y; iteratively as follows:*6

kj = argmin  {&x(y;)/mx}, Jj=0,1,...,b, (114)
keS\{ko,....,kj—1}

y; = suply <wyj_1: ap(y)/mp < g, (y)/ms, for some k € S}, j=1,...,b. (115)

It follows that ko,...,ky—1 € {k € S, : £ > 0} and k, € SY. (Note that the points y; given by (115) are
precisely those where the derivative of A changes.) We now provide a more explicit characterization of the
product class k*(w,y) for w € (wy,00) and y € (—o0, k| and the function A. This characterization will be

useful in the analysis of the IVPs in Section B.2.3.

Corollary 5. The product class k*(w,y) for w € (w1,00) and y € (—o0,k], as well as the function A :

(=00, k] = R, can be equivalently expressed as follows, respectively:

k*(w y) . kj? yE(yj+1,yj]a j:o,l,...,b—]_,
) ky, Yy € (—oo7yb}7
. (v) /M., € Wirnyil, j=01,...b—1,
Ay) =" W) /muy, Yy € (Yirn, 5],

akb/mkb7 ye (_Ooayb]-

Proof. The product classes k; are chosen iteratively as the minimizers at each breakpoint y;, where y; is
defined as the largest point where the minimizer changes; see (114)-(115). Thus, on each interval (y;t1,y;],
the same product k; attains the minimum. By Lemma 9, A has finitely many breakpoints. Therefore, the
iterative construction of k; and y; terminates in a finite number of steps. Substituting this representation

into (107) and (113) yields the desired result. O

B.2.3 Two Initial Value Problems Related to the Bellman Equation

In this section, we analyze two IVPs that are closely related to the Bellman equation (60)—(61). The first
IVP constructs a solution on the interval (—oo, w1], while the second IVP does so on the interval [wy, c0). By
pasting together these solutions, we prove the existence of a solution to the Bellman equation, thereby proving
Theorem 1. Throughout the analysis, we attach the superscripts “—” and “+” to the various quantities of

interest associated with the first and second IVPs, respectively.

"*Whenever (114) does not have a unique minimizer, we choose the product k; for which éu; (y)/mx,; < éu(y)/mx
for all k € S\ {ko,...,kj—1,k;} and all y € (y; — €, y;) for some sufficiently small € > 0. (If such a product k; does
not exist, there exist n; > 2 products k;(1),..., k;(n;) such that &y, ) (y)/mr,;1) =+ = Qx;(n,)(Y)/ Mk, (n,) for all
y € R and &y, 1) (y)/mu; 1) < aw(y)/my for all k € S\ {ko, ..., kj-1,k;(1),...,k;(n;)} and all y € (y; — €,y;) for
some sufficiently small € > 0. In this case, we arbitrarily choose one of the k;(i) as the minimizer in (114).) This
ensures that y; # y;—1, guaranteeing that all breakpoints of A are captured in (115).
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B.2.3.1 IVP on (—oo,w;]. For each v > 0, consider the following IVP:

m' H 'm 2/ 2 2y
v'(w) = TUQ(UJ) = W) = 5 d(w,v(w)) + —5, w ey, wil, (116)
o(ly) = 0, (117)
where the lower barrier [, € R is given by!”
ly = sup{l <wp : ¢(1,0) = ~}. (118)

It follows from (118) that any solution v € C'[l,,w;] to (116)-(117) satisfies v'(l,) = 0. Therefore, we
interpret the solution to this IVP as the value function associated with a barrier policy (with a lower barrier
at [,) that achieves a long-run average cost of v and satisfies the smooth pasting condition at the lower

barrier; see Proposition 3.

We next prove the existence of a closed-form solution to the IVP (116)—(117) when ~ is not too large.'®
In particular, the solution is constructed iteratively over subintervals where the effective state cost function
¢ is linear, allowing us to leverage the results from Section B.1 to derive a closed-form solution. To that

end, we partition the interval I, w;] as follows:

-1
(1))
[y, wi] = vaTk*l) 1 U [1; =k > Thr(l,)—k— 1) Y [wo, wa, (119)

k=1
where The,) = I, for notational convenience. (Note that since k*(w,y) only depends on w (and not y)

for w € (—oo,w], we write k*(l,) for simplicity; see (107).) We proceed in four main steps. In Step 1,
we find the unique solution on [ZW,T];(ZW)A]. In Step 2, we use the value of the solution from Step 1 at
Tki*(lw)—l as the initial condition and find the unique solution on [T];(lw)_l, Tki*(lw)—2]' This process continues
iteratively, where the solution from the previous interval provides the initial condition for the next, until
we obtain unique solutions on [Tk_*(lw)fk’Tk_*(l.y)fkfl] for k=1, ..., kl,) — 1. In Step 3, we use the value
of the last solution from Step 2 at wq as the initial condition and find the unique solution on [wg,w;]. In
Step 4, we combine the solutions from Steps 1-3 to obtain a continuously differentiable function on [I,w1].
After constructing this function, we establish its key properties and show that for v belonging to a certain

compact set, it uniquely solves the IVP (116)—(117).

Step 1: Solution on [l,y,Tk_*(l )71). We construct a solution on the interval [l.y,Tk_*(l )71) by considering
vy Y

17"The existence of Iy follows from Lemma 8, since the mapping w — ¢(w,0) is continuous and strictly decreasing
on (—o0, wo), with ¢(wo,0) = 0 and ¢(w,0) - —o0 as w — —oo.

8This statement will be made precise later. The heart of the matter is that as long as v remains within an
appropriate range, the solution to the IVP (116)—(117) will be (pointwise) bounded above by x, allowing us to apply
the closed-form expression for ¢(w,y) when y € (—o0, K.
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the following IVP:

m'H 'm 2 2 2y
v’(w) = 20_2 2(w) - 2 ( ) 0_2 d)k*(l,y)(w) + ?a w e [l"/a OO), (120)
v(ly) = 0, (121)
where

3 kX (ly)—1

- _ By - A
¢k*(l«,)(w) = mz*(k*(l ) (Tk*(la,)—l - U)) + Z ﬁi*(j))\;*(j)tsi*(j), w e [l,y,OO), (122)

K2 ¥ J:1

is the linear function that coincides with ¢(w,y) for w € [I,, T];(lw)_l] and y € (—o0,k]. Since Prer,) Is @
linear function, we apply the results from Section B.1 to obtain a solution to (120)—(121). To be specific,

consider the Riccati equation (99)—(100) with the following constants:

) B k(1) k*(ly)—1
i*(k*(l~ _ N .
= —=|—— (Tpu-1 t 1) + 61*‘)\2'*'61‘*'_’7,
0 o2 Mix(k*(1,)) ( k*(ly)—1 ’Y) ; (4)Vix(5) 944(5)
2 Ai* *i 2 IH—l
o = 2Pitewy 2 g HTIm 4 e =0

) o
0% Mys(er(1,)) o? 202

By Lemma 4, there exists a unique solution y_ k() € C']0,00) to this Riccati equation. It then follows
that the function 9 k() € C1l,,00) given by

0 ) (W) = U ey (0 = 1), w € [l 00) (123)
is the unique solution to (120)—(121).

Step 2: Solution on [TI;(lw)fk’TI;*(lﬂ,)fkfl) for k =1, ..., kl,) — 1. Given the solution @; f(ly ) — 41

on the interval [TI;*(ZW)—kﬁ-l’Tl;*(lw)—k) for kB = 1, ..., k*(l,) — 1, we construct a solution on the interval

[Tk,—*(la,)—k’ Tk_*(lv)—k—l) by considering the following IVP:

m'H 'm 2y
—

o) = T w) — o) — S op ) bk, we b woo)  (124)
(T =) = 0 ko) 1 (Thowa 1) (125)
where
_ . Bistkety)—k) Fl)F . _
¢k*(lw)—k(w) = m (Tk*(lv)—k—l —w) + ; Bis(j) i) i), W € [Tk*(lw)_k, 00), (126)

is the linear function that coincides with ¢(w,y) for w € [TI;*(ZW)—k’TI;*(lw)—k—l] and y € (—o00,k]. Asin

Step 1, we apply the results from Section B.1 to obtain a solution. To be specific, consider the Riccati
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equation (99)—(100) with the following constants:

. k(1)) —k—1
2 Bowray-k - - A
coz——(iT* T N € +E @*'&-*-51*'—7),
o2 M) — ) ( k*(ly)—k—1 v, k* (1) k+1( k*(ly)—k 1)) = (3)Nix(5) %ix(4)
2 Bi*(k*(z Y—k) 2u m' H=m _ _
= — ) = ——F == 0 = d =19 * * .
A= 52 Mir(kr(1 ) —k) “ EA b op2 0 and Yo = Uy (lw)—k-&-l(Tk (lw)—k)

By Lemma 4, there exists a unique solution Y, ko(l)—k € C']0,00) to this Riccati equation. It then follows
’ ¥

. A — 1 -_— .
that the function O kr(t)—k € C [Tk*(lﬂ/)ik, o0) given by

0y tert) =k () = Y )k (W = Ty —n)y W E [Ty ) (127)
is the unique solution to (124)—(125).

Step 3: Solution on [wg,w;]. Given the solution _ ; on the interval [ry,wp), we construct a solution on

the interval [wg,w1] by considering the following IVP:

m'H tm 2u 2y
V' (w) = g7 ¥ (w) — ;v(w) + 2 WE [wo, 00), (128)
o(wo) = 07 (wo). (129)

Similar to Steps 1-2, we apply the results from Section B.1 to obtain a solution. To be specific, consider the

Riccati equation (99)—-(100) with the following constants:

2 2 g1
i c1 =0, co = K c3 =0, ¢4 = u, and yo = @7_,1(1”0)-

co = ——
o2’ 202

;v
By Lemma 4, there exists a unique solution y, , € C']0,00) to this Riccati equation. It then follows that

the function 9, € C"[wg, 00) given by
) 0(w) =y o(w—wo), w € [wy,o0) (130)

is the unique solution to (128)—(129).

Step 4: Solution on [I,,w;]. For each v > 0, we define the function v

: [ly, w1] — R by pasting together

the solutions from Steps 1-3 as follows:

@’? k*(lw)(w)’ we UV’Tk_*(lW)fD’
vy (W) 3= 4 0 k(W) W E [Ty o Ty k) B =1 B ) = 1, (131)
@y_,o(w), w € [wo,w1],

where the functions o k(1 )—k are given by (123), (127), and (130). Next, we show that v} solves (116)-

(117) for appropriate values of 7. As a preliminary, note that by Corollary 4, the effective state cost function
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é(w,y) for w € [I,,w;] and y € (—o0, K] can be rewritten as follows:

Oy (W) W E by Ty a),
d(w,y) = ¢1§*(17)—k(w)7 w E [Tk_*(la,)—k’Tk_*(lv)—k—l)’ E=1,...,k(,)—1, (132)
0, w € [wo, wi],

where the functions ¢, are given by (122) and (126). We now consider the following IVP:

m'H 'm

—_—
202

v(l,) = 0. (134)

2 2 2
(w) — ;Zv(w) - ﬁaﬁ(w,O) + 0%7 w e [l’Yvwl]a (133)

Lemma 10. For each v > 0, the function vy : [ly,wi] = R defined by (131) is continuously differentiable
and is the unique solution to (153)—(134).

Proof. To show that v} is continuously differentiable on [ly,w1], we must establish both continuity and
existence of a continuous derivative. First, continuity of v on the interior of each subinterval in (119) follows
from the continuity of the functions 177_ R for k=0,1,..., k*(Iy) on their respective domains. Continuity of
v at the endpoints of these subintervals follows directly from the initial conditions (121), (125), and (129).
The existence of a continuous derivative follows from the continuity of the functions 97 and (-, 0), together
with (120)-(121), (124)-(125), and (128)-(129). This establishes that v; € C'[ly,w;]. Finally, it follows
from the construction in (120)—(132) that v satisfies (133)—~(134). The uniqueness of v follows from the

uniqueness of each function ﬁv_ . on its respective domain. O
.

Next, we establish several structural properties of v that will be essential in proving that it satisfies the

IVP (116)—(117), as well as the existence and uniqueness of a solution to the Bellman equation (60)—(61)..

Lemma 11. For each vy > 0, the function vy € C*[l, w:] satisfies (v3) (1) = 0 and (v3) (w) > 0 for all

w € (Iy,w1]. Consequently, vy s strictly increasing for each v > 0.

Proof. Fix v > 0. Since vJ(l,) = 0 < & by (121), it follows from (118) and (132) that QSIZ*(ZW)(Z’Y) =
#(l4,0) = 7. Substituting this into (120)—(121) yields (v )’(ly) = 0. To complete the proof, we must show
that (v7)'(w) > 0 for all w € (I, w1]. By Lemma 8 and (132), (v} )" is almost everywhere differentiable on

1y, w1] with respect to Lebesgue measure. In particular, the second derivative of v is given by

"H-1m E*(1y)
(07" (w) = T ) (o) () — 2 () (w) — %qﬁ’(w,O), we b\ | frigd (135)

o o2
k=1

/

with (v3)"(l,) = 231*%*@7)) / (M, yy 02) > 0. From (135), continuity of v; and (v )’, and continuity

of ¢(-,0) in a neighborhood of I, we conclude that (v}

)" is continuous in a neighborhood of l,. Since

(v3)"(ly) > 0, there exists w > [, such that (v])"(w) > 0 for all w € [l,,w]. From this and (v7)'(l,) = 0,
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it follows that (v3)'(w) > 0 for all w € (l,,w]. It remains to show that (v) (w) > 0 for all w € (w,w].

Aiming for a contradiction, suppose that (v})'(w) is not strictly positive on (w,w:]. It follows that

o = inf {w € (0, w] : (v]) (w) =0}

is well-defined. From the definition of @, we have that (v3) (@) = 0 and (v3)'(w) > 0 for all w € (I, ).

Since vy (ly) = 0 by (121), we must have v (@) > 0. Substituting this into (133) yields

o . N . m'H 'm'

5 ) (@) =7 = ¢(,0) — poy () + ———— (v7)*(@) > 0,
where the inequality follows from v = ¢(1,,0) > ¢(w,0) (which follows from Lemma 8 and I, < @ A wy <
1w < wy) and the fact that the third and fourth terms in the equality are strictly positive (since p < 0 and
m/H~'m’ > 0). This contradicts (v])'(#) = 0. Hence, the assumption that (v )'(w) is not strictly positive

on (w,ws] is incorrect, which completes the proof. O

Lemma 12. The mapping v — v is strictly increasing in the following sense: For 0 < y1 < 72, we have

that v, (w) > v, (w) for all w € [l,,,w1].

Proof. Fix 71 and 72 such that 0 < 1 < 2. Since [, <,, and v], is strictly increasing (by Lemma 11)
with v7, (1,,) = 0 (by (121)), it follows that v7 (I,,) > 0 = v7 (l,). Aiming for a contradiction, suppose

that there exists some w € (l,,,w;] such that v7, (w) > v, (w). It follows that
W = inf {l,, <w <w; : v (w) > v;z(w)}

is well-defined. By the intermediate value theorem, the continuity of v7, and v,

5, and the definition of @,

we have v,

() = v, (@) and v, (w) > v7, (w) for all w € [I,,,0). From (133), it follows that
—\/ —\/ 2 ~
(v3,) (w) = (v,) (w) > = (v2—m) >0 forall w e [ly,,d).
However, this and v, (l,,) > v, (l,,) imply that v, (@) > vJ, (@), which is a contradiction. O

Lemma 13. The mapping v +— v (w1) is strictly increasing with vy (w1) = 0 and lim, v (w1) = 0.

Proof. By Lemma 12, the mapping « ~ vJ (w) is strictly increasing. To show that v, (w1) = 0, note that
lo = wo, so it follows by (131) that vy € C*[wg,w1] is the unique solution to the IVP from Step 3 of the

construction, i.e.,

Since the zero function satisfies this IVP, uniqueness implies that that vy (w) = 0 for all w € [wp, w1], and

in particular, vy (w1) = 0, as desired. Finally, to prove that lim, . v} (w1) = oo, fix an arbitrary M > 0.
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Then, choosing v = Mo?/(2(w; — wp)) > 0, it follows that
w1 w1 w1
o) = [ e = [y ) de = [ a5 w) de
Iy wo

“toom'H Am 2 2y 2y
[ (P 602w - o) + ) dw = 2 (- w) = 0,

2
wo 20

where the first equality follows from v7 (l,) = 0 by (121), the first inequality follows from the fact that
(v7)(w) > 0 for all w € [l,w;] by Lemma 11, the second equality follows from (131), the third equality
follows from (128), the second inequality follows from the fact that the first two terms in the third equality
are nonnegative, and the final equality follows from the choice of v. Since M was arbitrary, we conclude

that lim,, o v7 (w1) = 00. O

Lemma 14. The mapping v — vy (w1) is continuous on [0, 00).

Proof. We show that for all v > 0 and e > 0, there exists § > 0 such that for all 4" € (y — d,v + ) N[0, c0),
we have [v] (2) — v, (z)| < € for all € [wo, w:1]. The desired result then follows by setting z = w;. Fix
~v > 0 and € > 0, and consider some § € (0,1) to be specified later. For any 7' € (y — d,7 + ) N[0, 00) and

x € [wp,w1], we have that

2 2 2 2~
[ Zowode - [ Zowoyd +@-1) 2 - @-1,) .

5 L

where the first equality follows from the fundamental theorem of calculus and (121), and the second equality
from (133) and rearranging terms. Taking absolute values of both sides of the previous display then gives
VL o =1y,
202

2 _ 2

= Uy (W) + o o(w, O)‘ dw

o7 @) ~ v @) < [

Iy A l,y/

(v;\/y’ )2 (’LU) -

I ) - P du + [ — 1) (- 1) 2 |

’Y\/l'y’ 202
m'H 'm , _ 2u 2
< P W) (wn) = 5 v () + 25 (41, 0)| - 1y — L
=:C1(v)
2 ¥ m'H 'm _ 2uN | _
+ —glor =yl - by =7 +/hvzw, (T Uy (1) = ?) [y (w) = vy (w)] duw
=:C2(v) =:C3(7)
x
= C1(V) by = ly| + Co(M) [y =] + Cs(v)/ vy (w) — vy (w)| dw,

4V l,y/

where the first inequality follows from the triangle inequality and rearranging terms, and the second inequality
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from Lemmas 8, 11, and 12 and the inequality l,41 < Iy A l,/.'? Furthermore, by Lemma 8, the mapping
w +— ¢(w,0) is continuous and injective, implying that i, — [, as 7" — ~.20 Therefore, there exists some

d € (0,1) such that for all v € (v — d,7 + ) N[0, 00) we have

Cly,y) = C1(N by = Ly| + Co(y) |y = 7| < eexp{=C5(7) (w — ly11)}.

Then, following the same argument as in the proof of Gronwall’s inequality (see, e.g., Theorem 1.9.1 in
Lakshmikantham and Leela (1969)), it follows from the previous two displayed equations that

o5 (@) = vyr(@)] < Clr,7)exp( ) dw) < Cr,y) exp{Cs(7) (wn — Ly41)} < e

[29Y% l’Y/

for all x € [wp, w;]. This completes the proof. O

Equipped with the structural properties of v} established above, we now show that there exists a solution

to the IVP (116)—(117). To that end, Lemma 13 ensures that the following is well-defined:
Y = sup{y >0 : v](w1) <K} (136)

The next result shows that ~, serves as an upper bound on the values of + for which we can prove the
existence of a solution to the IVP (116)—(117). However, as we will see in the subsequent sections, this

restriction on 7 does not prohibit us from finding the unique solution to the Bellman equation (60)—(61).

Lemma 15. For vy € [0,,], the function vy € C*[ly,wi] is the unique solution to (116)~(117).

Proof. For v € [0,7], it follows from Lemma 12 and (136) that v} (w) < & for all w € [l,,w;]. Thus,
(w, v (w)) = ¢(w,0) for all w € [I,,w;]. From this and Lemma 10, it follows that v7 is the unique solution

to (116)—(117), completing the proof. O

B.2.3.2 IVP on [wi,00). For each v > 0, consider the following IVP:

V(w) = ——— v (w) — = v(w) — g(b(w,v(w)) t 5 we (w1, U], (137)

v(uy) = K, (138)

9Tn particular, for the second inequality, since 0 < § < 1, Lemmas 11 and 12 imply that Uyg1(w1) >
max{sup{v;(w) s w € [ly,wi]}, sup{vl, (w) : w € [lw/,wl}}. Furthermore, by Lemma 8, ¢(ly+1,0) > ¢(w,0) for
all w e [, ALy, wi] since ly11 <y Al

20To be more precise, the function ¢(-,0) restricted to (—oo,wp] is continuous and injective. Therefore, it has a
continuous inverse (¢(-,0)|(—oo,wo)) " ¢ [0,00) = (—00,we]. Denoting this inverse as ¢, it follows that for any
sequence {v,} C [0, 00) such that v, — v as n — oo, we have I, = ¢~ *(v,) = ¢~ () = I, as n — oo, proving that
v — L, is continuous, as desired.
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where the upper barrier u., € R is given by?!

/Hfl
wy o= inf {w > wn : G(w,K) = 5 + Tk — . (139)

It follows from (139) that any solution v € C*[wy,u,] to (137)-(138) satisfies v/(u,) = 0. Therefore, we
interpret the solution to this IVP as the value function associated with a barrier policy (with an upper
barrier at w.) that achieves a long-run average cost of v and satisfies the smooth pasting condition at the

upper barrier; see Proposition 3.

We next prove the existence of a closed-form solution to the IVP (137)—(138) for all v > 0. In particular,
the solution is constructed iteratively over subintervals where the product class k*(w,-) for w € [wy,o0)
remains constant, allowing us to leverage the results from Section B.1 to derive a closed-form solution. We
proceed in four main steps. In Step 1, we find the unique solution on (—o0, u,], starting from the boundary
condition at u., and determine the first point Tj’ 1 where the solution reaches y;, i.e., the first point at
which k*(w,-) changes; see (115). In Step 2, we use y; as the initial value and find the unique solution on
(—o0, T,;f 1], and determine the point T;f 5 where the solution reaches the ys, i.e., the second point at which
k*(w, -) changes. This process continues iteratively, where the y; value associated with the previous interval
provides the initial value for the next, until we obtain solutions on (—oo, T,;fj] forj=1,...,b—1, whereb € N
is the number of breakpoints of A; see Section B.2.2. In Step 3, we use y, as the initial value and find the
unique solution on (—oo, 7';: »)- In Step 4, we combine the solutions from Steps 1-3 to obtain a continuously
differentiable function on [wq, u,]. After constructing this function, we establish its key properties and show

that it uniquely solves the IVP (137)—(138).

Step 1: Solution on (—oo,u,]. We construct a solution on the interval (—oco,u,] by considering the

following IVP:

v'(w) = %vz(w) - i—gv(w) — %%Jr(w,v(w)) + i—z, w € (—00,u,], (140)

v(uy) = K, (141)
where

o5 (w,y) = [y + o (diy — mioy) | (w — w1) /My,  (w,y) € (—00,uy] x R. (142)

is the function that coincides with ¢(w,y) for w € [wy,00) and y € (y1,k]. We next apply the results from
Section B.1 to obtain a solution to (140)—(141). To be specific, consider the Riccati equation (99)—(100) with

21Since v + m'Hm 2 prk > 0 for all v > 0, the existence of u, follows from Lemma 8 and the fact that the

1
mapping w — ¢(w, k) is continuous and strictly increasing on [wi,00), with ¢(wi,k) = 0 and ¢(w,x) — oo as

w — oo. This also ensures that u, > w; for all v > 0.
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the following constants:

co:fi(me), Cl:fM,
2 2
o Mg, O M,
2 20y, m'H 'm
cy = ;(M"‘fko(wl +u7)), c3 = 7207 Ch= =5 5 and yo = k.

By Lemma 5, there exists a unique solution y;L o € C10,00) to this Riccati equation. It then follows that

the function ﬁnj,o € C*(—o0,u,] given by

0T0(w) = yloluy —w), we (~o00,u,] (143)

is the unique solution to (140)—(141). To construct the solution on the next interval, define T,j: 1 =sup{w <

Uy O Fo(w) < y1}, and note that by continuity of ¢, we have v;r 0( 1) = y1. For notational convenience

v,0?

. + .
in the next step, define T o = Uy

Step 2: Solution on (—oo, 7J] for j =1, ..., b—1. Given the solution @jj 1 on the interval (—oo, T::_] 1
for j=1,...,b—1, we construct a solution on the interval (—oo, T J] by considering the following IVP:
m'H 'm 2u 2 2y
Vi) = "I 2wy - Bow) — Ztwet) + 2 we (~oort)  (144)
u(ry;) = v, (145)
where
(;S;'(w,y) = [k, + b (di, — muyy) [ (w —w1) fmyy, (w,y) € (= OOaT;rﬂ x R. (146)

is the function that coincides with ¢(w,y) for w € [wi,00) and y € (y;+1,y;]- As in Step 1, we apply the
results from Section B.1 to obtain a solution. To be specific, consider the Riccati equation (99)—(100) with

the following constants:

o = 7%(041% —I-Ekjdkj +7>, o = 72(akj2+gkjdkj)’
(o mkj (o m;gj
2 20y, m' H m
C2 M(M‘Fék (wl +7—::_j)), C3 = T;, Cqy = —T, and Yo = Yj-

By Lemma 5, there exists a unique solution yv ; € C1[0,00) to this Riccati equation. It then follows that

the function v;j € C(—o0, ) j] given by
At o (o +
075 (w) =y () —w), we (~oo, 7] (147)

is the unique solution to (144)—(145). To construct the solution on the next interval, define 7' i+1 =sup{w <

T,j:j : @,j]( w) < yj41}, and note that by continuity of ¢ v,y ;» we have @,T,j (T,m_H) = Yjt1-

Step 3: Solution on (—oo,T;fb]. Given the solution @»j,bq on the interval (—oo,rj{fbflL we construct a
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solution on the interval (—oo, T;f ») by considering the following IVP:

m' H 'm 2/ 2 2y
v'(w) = TUZ(U}) - ;v(w) - ;(ﬁj(w,v(w)) + 2 WE (—oo,T,:fb], (148)
u(TF,) = U, (149)
where
o (w,y) = gy, (W —wi)/my,, (w,y) € (—oo,T,:fb] x R (150)

is the function that coincides with ¢(w,y) for w € [wy,00) and y € (—oo,yp]. As in Steps 1-2, we apply
the results from in Section B.1 to obtain a solution. To be specific, consider the Riccati equation (99)—(100)

with the following constants:

+
_ 3 Ok Ty Ky, _ 2ay,
Co = ——5 |7 +tws— 1= —— )
o Mg, 07 M,
24 m'H 'm
2 =—7, =0, ca=—-——55—, and Yo = v.
o 20

By Lemma 4, there exists a unique solution y;" » € C'[0,0) to this Riccati equation. It then follows that

the function @,j,b € CY(—oo, T,:fb] given by

ﬁ;"’b(w) = y::"b(rj::b— w), weE (—oo,Tj,b] (151)

is the unique solution to (148)—(149).

Step 4: Solution on [wy, u,]. For each v > 0, we define the function v;” : [w1, uy] = R by pasting together

the solutions from Steps 1-3 as follows:

ﬁ;](w)v w e (Trj_)j-i,-laTrj:j]7 j = 07 1a AR B’y - 15

vl (w) = (152)
ﬁj’Bv(w), w e [wl,TiBJ,

where By :=max{j =1,...,b : T,Ij > wy } and the functions 17;“] for j=0,1,..., B, are given by (143),
(147), and (151).
The next two results show that v;" is continuously differentiable and strictly increasing, which together

ensure that v} solves the IVP (137)-(138).

Lemma 16. For each v > 0, the function v,Jyr : w1, uy] = R defined by (152) is continuously differentiable.

Proof. To show that vf{r is continuously differentiable on [w1,u,], we must prove that it has a continuous

derivative. For convenience, we decompose the interval [wi,u,] into two disjoint sets, S, and S, as
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follows:

B,—1 B

.
Sy1 = [wlan;ﬁBw) U U (Tj,j-s-pﬂ:j) U (Til’“'y} and S, = U{T—:::j .
j=1 j=1

We first prove that vj‘ is differentiable. Differentiability on S, i follows from the differentiability of the

functions 6;" j for j =0,1,..., By. Differentiability on S 2 follows from
st (ot _ ot + +( -t _ o+ + .
%,j(ﬁ,jﬂ) = Uw,j+1(7'y,j+1) and  ¢; (Ty,j+1’yj+1) = ¢j+1(7—fy,j+17yj+1)7 J=01...,B,—-1

where the first equality follows from (145) and (149), and the second follows from (115), (142), (146), and
(150). Next, we prove that the derivative of v:/" is continuous. Continuity on S, ; follows from the continuity
of the functions ﬁj’j for j =0,1,..., B, and (140), (142), (144), (146), (148), and (150). Continuity on S 2
follows from the initial conditions (145) and (149). O

Lemma 17. For each v > 0, the function vl € C'lwi,u,] satisfies (v3) (uy) = 0 and (v3) (w) > 0 for all

w € [wy,uy). Consequently, vﬂj is strictly increasing for each v > 0.

Proof. Fix v > 0. Since ¢(uy,k) = ¢g (uy, k) by Corollaries 4-5 and (142), it follows from (139)—(141)
that (v1)'(uy) = 0. To complete the proof, we must show that (vF) (w) > 0 for all w € [wy,u,).As we
will see shortly, it suffices to show that (ﬁj’o)’(w) > 0 for all w € (—o0,u,) and that (ﬁ,jj)’(w) > 0 for all

w € (—OO,T,;Z—} for j = 1,...,B,. To that end, consider the function 0 ,. By (140) and (142), it follows

that @f; o has a well-defined second derivative given by

N m' H 'm N 21, . 2 d N
(v;io)”(w) = Tvio(w) (Unj,o)/(w) - *(Unj,o)/(w) T 2Zdw f{(w,vio(w)y w e (_007U7]7

where

% b (w,ﬁ,to(w)) = g, (ﬁﬂto(w))/mko + (w —wy) b, (@,‘;0)’(10), w € (—00, Uyl

,DJr

. ~4
Since 7,0

A )(uy) = 0 by (139)—(141), it follows from the above that (81 ,)"(u,) =

(uy) = K and ( 7,0
—24y, (k) /o?my, < 0. It follows that 17;“ o has a local maximum at u,, implying that there exists some

Wy < u, such that (o

So(w)) (w) > 0 for all w € [wo, u,). Now, aiming for a contradiction, suppose that

(ﬁ;o)’ is not strictly positive on (—oo,wp). It follows that

g = sup {w € (—o0, W) : (@;0)'(10) =0}

is well-defined. Therefore, we have that 9 ,(io) < &, and by the continuity of (63 )’, we also have that

(”LA),T’O)/(@O) = 0. Similar to before, we have that (@;O)"(wo) = =20y, (ﬁj;o(zf)o))/az < 0. It follows that

@;0 has a local maximum at @, contradicting (@j’o)’(w) > 0 for all w € (o, uy). Thus, (ﬁj’o)’(w) > 0 for
all w € (—o0,uy). In particular, by (152) and Lemma 16, it follows that (vI)'(w) > 0 for w € [T;fl,uv)
)'(w) >0

f)+

and that (@:;1)/(7',?:1) > 0. The same argument can then be applied iteratively to show that (97 ;
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for all w € (—o0, 7 J] for j = 1,..., B,. Therefore, by Lemma 16, we conclude that (v)'(w) > 0 for all

w € [wy,u,), completing the proof. O

Lemma 18. For eachy > 0, the function vl € C'lwy, u,] is the unique solution to (137)-(138).

Proof. Tt follows from (141) and (152) that v (u,) = ﬁ;o(u ) = r. Therefore, vl satisfies (138). It remains

to show that vf{r satisfies (137). To that end, by Corollary 5 and Lemma 17, we have that

+ + + .
F(w. o (W) ki, we (T,y,j+1,7,y,j], j=0,1,..., By -1, 59
w, v, (w)) =
Y n N
ka w e [wl,T%BJ.

It then follows from Corollary 4, together with (142), (146), (150), and (153), that

¢+(w vl (w)), wG(T;j+1,T::j], j=0,1,...,By—1,
$(w, v} (w)) = (154)
¢Ew(w,v$(w)), w e [wl’TﬂiBw]'

Therefore, by (140), (144), (148), and (154), we conclude that v satisfies (137). O

Next, we establish several structural properties of v,j that are essential in proving the existence and

uniqueness of a solution to the Bellman equation (60)—(61).

Lemma 19. The mapping v — v,j(w) is strictly decreasing in the following sense: For 0 < v < 72, we

have that v, (w) < v (w) for all w € [wi,u,,].

Proof. Fix 1 and 7y, such that 0 < v < 2. Since u,, > u,, and vjy*‘z is strictly increasing (by Lemma 17)
with v, (u,,) = & (by (141)), it follows that v, (u,,) < & = v (u,,). Aiming for a contradiction, suppose

that there exists some w € [w1,u,,) such that v, (w) > v (w). It follows that
W = sup {w; < w < uy, 2 0l (w) >0f (w)}

is well-defined. By the intermediate value theorem, the continuity of v+ and 11“‘ , and the definition of w,

we have v3 () = v, () and v, (w) > v, (w) for all w € (W, u,,]. From (137), it follows that

2
o2

(v3,)/ (@) = (v3,) (D) = = (11 —72) < 0.

To complete the proof, observe that for each positive integer n such that @ +n~! < U, , We have

n[(v+ (QI) Jrn*l) - v,JY; (121 + nil)) - (U,; () — ’U,;(’LD))] =n (v+ (121 + nfl) — v,; (ﬁ} + nil)) > 0.

By the mean value theorem, for each such integer n, there exists ¢, € (@, 4 n~") such that (v3)'(cn) —

(v,) (cn) > 0. Since lim, ;o0 ¢, = W, it follows from the continuity of (v,)" and (vf,)’ that (vf,)"(w) —

(v3,)' (@) = limp o0 [(v3,)(¢n) — (v5,) (cn)] > 0. However, this contradicts (v7,) (@) > (v3,)" (). O

Y2 Y1
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Lemma 20. The mapping vy vj(wl) is strictly decreasing with vy (w1) € (0, k).

Proof. By Lemma 17, it follows that the mapping v — vj‘ (wy) is strictly decreasing. To complete the proof,
we must show that vy (w;) € (0,). First, by Lemma 8 and (139), we have that w; < ug. Moreover, since
vy is strictly increasing on [wy,uo] (by Lemma 17) with vy (ug) = & (by (138)), it follows that vy (wy) < k.
To show that vd (w;) > 0, assume for contradiction that vy (w1) < 0. It then follows from the continuity

of vg and the intermediate value theorem that there exists some w € [w1,ug) such that v (w) = 0. From

(137), this implies that
+3/ (7, 2
() () =~ 0,0) < 0,

where the inequality follows from Lemma 8 and since w > w;. However, this contradicts Lemma 17. We

conclude that vg (wq) > 0, which completes the proof. O

Lemma 21. The mapping v +— v (w1) is continuous on [0,00).

Proof. Similar to the proof of Lemma 14, we must show that for all v+ > 0 and ¢ > 0, there exists § =
6(v,€) > 0 such that for all v € (y — 3,7 + ) N [0,00), we have [v (w1) — v;’,(wl)| < €. The added
complexity here is that both the number of breakpoints B, and their values T,;f j for j = 0,1,...,B, are
functions of v. However, it can be shown that these breakpoints also vary continuously with ~. Thus, the

mathematical argument closely mirrors that of Lemma 14 and is therefore omitted. O

B.2.4 Existence and Uniqueness of the Solution to the Bellman Equation

In this section, we use the results from Section B.2.3 to prove the existence and uniqueness of a solution
to the Bellman equation (60)—(61). Specifically, we construct a family of candidate solutions by pasting
together the solutions to the IVPs (116)—(117) and (137)—(138), derived in Sections B.2.3.1 and B.2.3.2,
respectively. We then show that a function from this family uniquely solves the Bellman equation. To that
end, for v € [0, vi], we define the function v, : [l,,u,] = R as follows:
vy (w), w e [ly,wi],

vy(w) = (155)
v*(w), w e (wlau’y];

where v € C'[l,,w] is the unique solution to (116)—(117) (see Lemma 15) and v € C'[wy, u,] is the

unique solution to (137)—(138) (see Lemma 18). The following result proves that there exists a unique + for

which v, is continuously differentiable.

Lemma 22. There ezists a unique v* € [0,7,] such that vy« € C[lyx, uqys]. Furthermore, v* > 0.
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Proof. First, we show that there exists a unique v* € [0,7,] such that v .(w1) = vfyi (w1). Define the

function o : [0,7,] — R as follows:
0(7) = vf (w1) — vy (wi), v €[0,7l.
By Lemmas 13 and 20, it follows that @ is strictly decreasing on [0,~,], with
5(0) = vy (w1) € (0,) and o(y.) = v (w1) — v5 (w1) < 0. (156)

Moreover, Lemmas 14 and 21 imply o is continuous on [0,7,]. Thus, by the intermediate value theorem,
the strictly decreasing nature of ¥, and (156), there exists a unique v* € [0,7,] such that 9(v*) = 0. In
particular, noting that ©(0) > 0 and 9(y*) = 0, it follows immediately that v* > 0.

To complete the proof, it remains to show that v, € Ct [ly«,uy+]. By Lemmas 10 and 16, together
with (155), we know that v, is continuously differentiable on [l,+,w1) U (w1, uy«]. Since we have already

established that v . (w1) = vfyi (w1), continuity at w; follows immediately. Therefore, it remains to show

that the derivative v;* exists and is continuous at w;. Since vy~ is continuous at w; and differentiable

both to the left and right of wy, it suffices to show that lim,, sy, v/« (w) = limy.w, v;* (w). However, by
(116) and (137), together with the continuity of v+, this reduces to verifying that lim,, ., ¢(w,v . (w)) =

limy\ o, O(w, v,t* (w)). To that end, note that

A *(w,v, (w +*( ) ( o )
lim (;S(w,v,;*(w)) =0 = lim G ))(Un{ w) i = lim qﬁ(w,v,j}(w)),

w Swy W\ W1 mk*(w,vj* (w)) wN\ w1

where the first equality follows from Corollary 4 for (w,y) € [wo,w1] X (=00, K] (since v . (w) < & for all

w € [ly+,w1]), the second equality since &.(, ,+, (w))(vi* (W) / Myex (4,0, () 18 bounded on [wy,u,] (since

+

v . (w) is bounded on [wy,u,]), and the third equality from Corollary 4 for (w,y) € [wy,00) X (—00, £] (since

vl (w) < k for all w € [wy, uq+]). We conclude that v/ . exists and is continuous at wy. O

The remaining results now show that there exists a unique solution to the Bellman equation (60)—(61).

Corollary 6. The tuple (I, uyx, 7", vy« ) is a solution to the Bellman equation (60)-(61). Moreover, L« <

wo < wy < uys and the solution vys € CHlys,uy] is nonnegative and strictly increasing.

Proof. From (116)-(118), it follows that v,«(l,+) = vi.(ly+) = 0 and v..(ly+) = (v3.) (l4+) = 0. Similarly,
from (137)-(139), it follows that vy« (uy+) = vii(uys) = & and v/, (uye) = (v5.)'(uqye) = 0. Therefore,
(Ly=y Uys, 7™, v+ satisties (61). Next, from (116) and Lemma 15, it follows that (I,«,u,-,7*, v .) satisfies
(60) for w € [ly+,w;]. Similarly, from (137) and Lemma 18, it follows that (I«,uyx,v*, vi}) satisfies (60) for
w € [w1, uyx|. Therefore, (Iyx, uyx, 7", vy+) satisfies (60) for all w € [ly+,uy+]. We conclude that the tuple

({y*, Uyr, Y5, U4+ ) is a solution to the Bellman equation (60)—(61).

Since v* > 0 by Lemma 22, it follows from (118), (139), and Lemma 8 that i« < wo and u, > w;.
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Finally, by Lemmas 11, 17, and 22, the function v,« is continuous, with v, strictly increasing on [Lye, w1]
and v, strictly increasing on [wy,u,+]. It follows from (155) that vy« is strictly increasing on [ly, uy+]. In

particular, since vy« (Iy+) = 0, we conclude that v« is nonnegative. O

Lemma 23. If (I,u,v,v) is a solution to the Bellman equation (60)-(61), then | < wg, u > wy, and

v € [0,7x). Moreover, the endpoints are uniquely determined as u = uy and | =1,.

Proof. Let (I,u,vy,v) be a solution to the Bellman equation (60)—(61). Then, by definition, we have that
I < u. We will establish that I < wg, u > w1, and 0 < 7y < ~, via contradiction. First, suppose v < 0. Then
it follows from (60)—(61) that ¢(I,0) = v < 0, contradicting Lemma 8. Thus, we conclude that v > 0.

Second, suppose u < wj. We consider the following two cases: wy < u < w; and v < wp. If wy <
u < wy, it follows from Lemma 8 that ¢(u,x) = 0. However, from (60)—(61), we also have ¢(u,k) =
v — uk +m'H Ymx? /4 > 0, which is a contradiction. If instead u < wp, it follows from Lemma 8 that u < [
(since v < v — uk + m’H~'mk?/4). However, this contradicts the fact that [ < u. Since both cases yield

contradictions, we conclude that u > w;. Having established that u > wi, note that since w — ¢(w, k) is

strictly increasing on [w1, 00), and hence injective, it follows that u = u.,, where ., is given by (139).

Third, suppose | > wy. Since u = u., it follows from (60)-(61) that v satisfies (137)-(138). Therefore,

T e Clwy,u,] to (137)-(138), it follows that v(w) = vl (w) for w €

by the uniqueness of the solution v 5

[V wy,u,]. In particular, by Lemma 17, we have that ¢'(l V w;) > 0. We now consider the following two
cases: wo < < wjp and [ > wy. If wy <1 < wq, then it follows from (61) and Corollary 4 that v = 0.
Substituting v = 0 into (60)—(61), we see that v satisfies (116)—(117) with v and [, replaced by 0 and I,
respectively. Since the zero function satisfies this IVP, it follows from the uniqueness of the construction
in Appendix B.2.3.1 that v(w) = 0 for w € [l,w;]. But, since v is continuously differentiable over [, u], we
have that v'(w;) = 0. However, this contradicts v'(I V w1) = v'(w1) > 0. If instead [ > wy, it follows that
v'(IVwy) = () > 0, contradicting (61). Since both cases yield contradictions, we conclude that I < wyg.
Having established that [ < wg, note that since w — ¢(w,0) is strictly decreasing on (—oo, wp], and hence

injective, it follows that ! = L, where [, is given by (118).

Finally, we show that v < 7,. It suffices to show that v(w) < k for all w € [l,u]. (If v(w) < &k for
all w € [l,u] but v > 7, then from (60)—(61), (116)—(117), (136), and Lemma 13, it would follow that
v(wy) > K, which is a contradiction.) Aiming for a contradiction, suppose that v(w) > & for some w € [I, u].
Since v € C[l,u] and satisfies (61), there must exist some w € (I,u) such that v(1) > x and v'(@) < 0. To
arrive at a contradiction, it suffices to show that v’ (@) > v'(u) (since v'(u) = 0 by (61), this would contradict
v’ (@) < 0). From (60), together with v(w) > x and v(u) = k, it is enough to show that ¢(w, v(w)) < ¢(u, k).
Since v(w) > &, it follows from (66) that ég(v(w)) < dx(y) for all y € (—oo,k] and k € S. By (59) and
(67)—(68), we then have that ¢(d,v(®)) < ¢(,y) for all y € (—oo, k]. Therefore, to complete the proof,

it is enough to show that ¢(i, k) < ¢(u, k). To do so, we consider the following two cases: wy < W < u

73



and I < @ < wy. If wyg < @ < u, then the desired inequality follows immediately from Lemma 8. If instead
[ < @ < wo, then it follows from (60)—(61) that ¢(I,0) = v < ¢(u, k). Furthermore, by (108) and Corollary 4,
we have that ¢(1,0) = ¢(l, k). It then follows from Lemma 8 that ¢(w,x) < ¢(I,x) < 7, as desired. This

completes the proof. O

Corollary 7. The solution to the Bellman equation (60)-(61) is unique.

Proof. From Lemma 23, any solution (l,u,v,v) to the Bellman equation (60)—(61) must satisfy | = [,
u = uy, and v € [0,7,]. But then, by (60)-(61), v must also satisfy the IVPs (116)-(117) and (137)-

(138). By Lemmas 15 and 18, uniqueness implies that v = v

on [l,w;] and v = v on (wy,u]. Therefore,
by (155), it follows that v = v,. Moreover, since v is continuously differentiable, it follows that v = +*,
where ~* is given by Lemma 22 (otherwise v would not be continuous at w;). We conclude that the tuple

Iy, Uyx, 7", vy+ ) from Corollary 6 is the unique solution to (60)—(61). O

C Proofs of Main Results

Proof of Proposition 1. Fix n and let (A", R",T™) be an arbitrary admissible policy for the nth
system. Then, by (14), the cumulative profit process for the nth system is given by

Vr(t) = /0 " (A" (s)) ds — /0 v (wit(s) = 0) dAR(s) — > /O he(Qr(s)] ds

kES keSMTS

-3 an( [ Qi) ) — YRz (157)

kESw 0 keS

Since each of the last four terms on the right-hand side of (157) is nonpositive, it follows that
t t
V" (t) S/ " (\"(s)) ds = n/ I(n~'A"(s))ds forall t>0. (158)
0 0

where the equality follows from the second equality in (18). Moreover, by (20), we have n=*A"(s) =
N+ n~12((s), implying that n='\"(s) € L for all n sufficiently large. Since II(\) < II(\*) for all A € £ by
Assumption 3, it follows from (158) that

t
Vi(t) < n/ II(\)ds = nII(A*)¢t forall ¢>0,
0

for n sufficiently large. O
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Proof of Proposition 2.2 Let (¢, 0,Y) be an admissible policy for the BCP (39), with the corresponding
state descriptor Z = {Z(t) : t > 0} given by (31)—(33). We will show that there exists an admissible policy
(L,U, z,0) for the EWF (51) with a long-run average cost less than or equal to that of the policy (¢,0,Y)
for the BCP (39). Define the processes

L(t) = Y Yi(t), U(t) => mpOx(t), and 6(t) => myG(t), t>0. (159)
keSMTO | SMTS keS keS
Next, define z(t,w) := Z(t) for t > 0 and w € R and W(t) := m’Z(¢) for t > 0. It then follows from (31)—(33)
and (159) that

W(t) = B(t) +/()t9(s) ds — /Ot Z milez (s, W(s))ds + L(t) — U(t), t>0, (160)
kESw

By (36) and (160), it follows that (47)—(48) hold. Moreover, by (34)—(35) and (38), it follows that (50) and
(49) hold. Hence, (L,U, z, ) is an admissible policy for the EWF (51). Finally, by (43)—(44), observe that

c(0(t)) < CHHT'C(t) and kU(t) < Y rOk(t) forall t>0.
keS

It then follows from (30) and (51) that (L,U, z,0) achieves a lower cost for the EWF (51) than ((,0,Y)
does for the BCP (39).

Conversely, let (L,U, z,0) be an admissible policy for the EWF (51), with the corresponding state
descriptor W = {W(¢t) : t > 0} given by (47). We will show that there exists an admissible policy (¢, 0,Y)
for the BCP (39) with a long-run average cost equal to that of the policy (L,U,z,6) for the EWF (51).
Define the processes

O(t) = and ((t) =

Ut ) k=k*, H?
(£)/rms — " 6(t), t>0. (161)
0, k ?é k*, m'H=m
By (43) and Lemma 1, it follows that m/{(t) = 0(¢t) for t > 0. Next, define the state descriptor Z = {Z(t) :
t > 0} as Zy(t) == z(t,W(t)) for k € S and t > 0. Moreover, define the process Y = {Y(¢) : ¢t > 0} as

follows:

t t
Yk(t) mg (Zk(t) — Xk(t) 7/ Ck(s) ds +/ ]].{kes\l)\v/ITO}ng;_(S) ds + Ok(t)), ke SI‘:TO (162)
0 0

Yi(t) = my (Zk(t) — X3 (t) —/0 Ce(s)ds +/O 0:.ZF (s)ds + Og(t) + Z quj(t)), keS)® (163)

JESYT ()

me(Zu(1) — Xi(t) - /0 Gls)ds + O(1)), kesT (164)

Yi ()

22This proof requires the technical subtly that B(t) = > res MrXk(t) almost surely for ¢ > 0, where X, for k € S
and B are the Brownian motions from Sections 4 and 5, respectively. Since B and Zk cs MkXk are identically
distributed, this equality can be achieved by potentially expanding the probability space on which they are defined;
see Skorokhod’s representation theorem. For a rigorous treatment of this issue, see Harrison and Williams (2005).
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It then readily follows from (50), (48), and (162)—(164) that (31)—(33), (36), and (38) hold. Moreover, by
(47)—(48) and (161)—(164), we have that

L(t) = > Yi(t), t>0. (165)

kESMTO USMTS

Therefore, by (49), (161), and (165), it follows that (34)—(35) hold. Hence, (¢,0,Y) is an admissible policy
for the BCP (39). Finally, by (30), (43), (51), (161), and Lemma 1, the policy (¢, O,Y’) achieves the same
cost for the BCP (39) as (L,U, z,6) does for the EWF (51). O

Proof of Proposition 3. Fix a barrier policy (L, U, z,6) with a lower barrier at [ and an upper barrier
at u, and assume that v € R and f € C?[l,u] jointly satisfy (53)—(54). From (49) and Harrison (2013,
Appendix B.2), the control processes L and U are of finite variation almost surely. Using this fact and

applying It6’s Lemma to the workload process in (41) yields

FOV ) = FOVO) = [ W) aWe) + [ 5o W) ds >0 (166)

0

Then, by (41), (52), and (166), it follows that

+

FOV() — FW(0)) = / o 1'(W(s)) d(B(s) — is) + / L f(W(s)) ds
; / F/(W(s)) dL(s) — / F(W(s) dU(s), t>0. (167)

Recall that by Definition 1, the control processes L and U increase only when W (t) = [ and W (t) = u,
respectively. Thus, it follows from (54) that

/O FW(s)dL(s) = f()LE) = 0 and /0 FW(s)dU(s) = F(U() = kU®), t>0. (168)

Substituting (168) into (167) and taking expectations of both sides yields

B[V () - V)] = B[ [ P V() d(BGs) - )] + B / Lo f(W(s) ds) — E / edu(s)]

E[/Ot Fzﬁf(W(s))ds} - E[/OtﬁdU(s)}, (169)

where the second equality holds by Harrison (2013, Proposition 4.7) since

o [[rovens] < [ s (o) <

we[l,u]
which is finite since f’ is a continuous function over the compact set [I,u]. Dividing both sides of (169) by

t, using (53), and rearranging terms gives

Yelrowe) - ravo))] + 11@{/0 c(O(W (5))) ds + Z/O (2 (W (5)) — AL63) ds

4
keS
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t t
+ Z / hiz, (W(s))ds + Z / dili 2t (W(s))ds + kU(t)| = 7. (170)

kesuTs 70 k€S, 70
Finally, we have lim;_,o t "' E[f(W(t)) — f(W(0))] = 0, since f is continuous and W (¢) € [I,u] for all t > 0
by Definition 1. Using this fact and taking the limit as ¢ — co in (170) yields the desired result. O

Proof of Theorem 1. Theorem 1 follows directly from Corollaries 6 and 7 in Appendix B.2.4. Indeed,
Appendix B.2.4 provides an explicit characterization of the solution to the Bellman equation (60)—(61).
This is accomplished by establishing several auxiliary lemmas in Appendix B.2.3 on two related initial value
problems. The solution to the Bellman equation is ultimately constructed by smoothly pasting together the

solutions to these initial value problems.

Proof of Corollary 1. Let (I*,u*,7*,v*) be the unique solution to the Bellman equation (60)—(61) as
guaranteed by Theorem 1. By the fundamental theorem of calculus and the definition of f* € C2?[I*,u*] in
(63), we have that

(f)(w) =v*(w) and (f*)"(w)= (v*)(w) forall w e [I*,u*].

Since (I*,u*,v*,v*) uniquely satisfies (60), by replacing (f*)" with v* and (f*)” with (v*)’, it immediately
follows that (I*,u*,~v*, f*) uniquely satisfies (56), up to an additive constant in f*. Furthermore, from the

boundary conditions (61), we have that
(f*)/(l*) — ,U*(l*) — 0, (f*)//(l*) — (v*)/(l*) — O’ (f*)//(u*) — (’U*)/(u*) — ()7 (f*)/(u*) — ’U*(U*) — K‘/’

which immediately implies that (I*,u*,~*, f*) satisfies (57). We conclude that (I*,u*,~v*, f*) is the unique

solution to the Bellman equation (56)—(57), up to an additive constant in f*. O

Proof of Theorem 2. Let (I*,u*,7*,v*) be the unique solution to the Bellman equation (60)-(61)
guaranteed by Theorem 1, and let f* € C?[I*,u*] be the function defined in (63). Consider the barrier policy
(L*,U*, z*,0%) with a lower barrier at {*, an upper barrier at u*, effective drift rate function 6* defined by
(64), and workload configuration function z* defined by (65). By (58), (64)—(65), and Corollary 1, it follows
that f* satisfies (53)—(54) with z = 2*, § = 6*, and v = v*. Therefore, by Proposition 3, the barrier policy
(L*,U*, z*,0*) achieves a long-run average expected cost of v* to the EWF (51). To complete the proof, it
remains to show that v* is a lower bound on the long-run average expected cost of any admissible policy
(L,U, z,0) to the EWF (51). The remainder of the proof consists of two parts. In the first part, we extend
the solution of the Bellman equation to the entire real line and establish an inequality involving the constant
~*. In the second part, we use the estimate from the first part, along with It6’s Lemma, to prove that no

admissible policy can achieve a long-run average expected cost lower than ~*.
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We begin the first part of the proof by extending the solution of the Bellman equation to the entire real
line. (This is necessary because an arbitrary admissible policy may push the workload process beyond the

lower barrier [* or the upper barrier v*.) To that end, we extend f* to the entire real line as follows:
0, w € (—o0,l*),
fH(w) = /lwv*(x) da, w € [I*,u*], (171)
/luv*(:z:) de + k(w—u*), w e (u*,00).

*

We now verify some properties of this extended function. First, since v* € C*[I*,u*] with v*(I*) = 0 and
v*(u*) = K, it follows from (171) that f* € C?(R). Second, we have (f*)’ = 0 on (—o0,l*], (f*)' = v on
[I*,u*], and (f*)" = k on [u*,00). Therefore, since v* is strictly increasing on [I*,v*] with v*(*) = 0 and

v*(u*) = K (by Theorem 1), it follows that 0 < (f*)(w) < & for all w € R. Next, we claim that

Lo w) + (0 + @) () (W) + cla) + @(z,(f*)'(w))} >, weR (172)

B
We consider the sets [I*, u*] and R\ [I*, u*] separately. On the one hand, for w € [I*,u*], (172) holds with
equality since (I*,u*,~*, f*) satisfies (56)—(57) by Corollary 1. On the other hand, for w € R\ [I*,u*],
it follows from Lemma 8 and the properties of the extended function f* that (172) holds with a strict
inequality.?3 This completes the first part of the proof.

The second part of the proof uses the results from the first part to show that our proposed policy is
optimal for the workload formulation. Specifically, we show that no admissible policy can achieve an objective
lower than v*. To that end, let (L, U, z,0) be an arbitrary admissible policy to the EWF (51), and let W be
the resulting workload process defined in (47). By applying Itd’s Lemma, for ¢ > 0 we have that

Bl o) - Fvo)] = 5 [ Loroveyas - [yovenase sue)]. am)

where the differential operator I, y is given by (52). Furthermore, by (172), we have that

1 *\/ * * *
ST W) + (v + 0V@) () (V(®) + (0 (#) + (W), (f) (W (D)) = 7"
Integrating both sides of this inequality over [0, ], taking expectations, and rearranging terms yields

t

E{/Otl-‘zﬂf*(W(s))ds} > At — E{/O c(0(W(s))) ds + Z/ vk (2 (W (s)) — Xgdk) ds

keS
keSMTS k€S«
23In particular, (171) implies that (f*)'(w) = (f)'(*) =0 and (f*)"(w) = (f)"(1*) = 0 for all w € (—o0,l*).

Similarly, (f*) (w) = (f*)' (v*) = k and (f*)"(w) = (f*)"(u *) =0 for all w 6 (u*,00). Then, by Lemma 8, observe

")
that ¢(w, (f*) (w)) = ¢(w,0) > ¢(I*,0) for all w € (—o0,l*), and ¢(w, (f*) (w)) = ¢(w,k) > ¢(u*, k) for all
w € (u*,00). Combining these inequalities with the fact that (172) holds Wlth equality at [* and u* establishes that
(172) holds with a strict equality for all w € R\ [I*,u"].
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Moreover, since L and U are nondecreasing (see (49)) and 0 < (f*)'(w) < & for all w € R, we have that

E| / t(f*)’(W(s))dL@} >0 and E / t(f*)’(W(s))dU@)} < E[=U(1)]-

Substituting the two preceding displays into (173) then yields

]E{f*(W(t)) — f*(W(O))} >yt — E{nU(t) +/0 c(0(W(s))) ds + Z/o vk (2 (W (s)) — Xgdk) ds

keS

+3 /Ohkz,;(W(s))ds+Z /O dkekz;(W(s))ds} (174)

keSMTS keSy

Finally, since (f*)" is bounded, we have that

. E[f*(W() - f~Wo)] _ . supy g (/) (w) - E[[W(t) —W(0)[]] _
lim sup < limsup =0,

t—o00 t t— 00 t
where the inequality follows from Jensen’s inequality and the mean value theorem, and the equality follows
from (50). The desired result then follows by dividing both sides of (174) by ¢, taking the limsup as t — oo,
and applying the limiting bound established above on the left-hand side. This completes the second part of

the proof. O

Proof of Corollary 2. By Theorem 2, there exists an optimal policy (L*,U*, z*,0*) to the EWF (51)
with a long-run average expected cost of v*. Therefore, by Proposition 2, there exists an admissible policy
(¢*,0*,Y™) to the BCP (39) with a long-run average expected cost of v*. Conversely, by Proposition 2, for
every admissible policy ((,0,Y) to the BCP (39), there exists an admissible policy (L, U, z,0) to the EWF
(51) with a long-run average expected cost that is less than or equal to that of (¢,0,Y") to the BCP (39).
Hence, (¢*,0*,Y™) is an optimal solution to the BCP (39) with a long-run average expected cost of v*. [

D Supplementary Material for the Simulation Study

D.1 Semi-Markov Decision Process Formulation

This section describes a semi-Markov decision process (SMDP) formulation of the joint dynamic pricing,
scheduling, and rejection control problem introduced in Section 3; for a detailed review of the theory of
Markov decision processes, see Bertsekas (2012) and Puterman (2014). In this formulation, we assume that
production times are exponentially distributed and replace the sojourn times wy(t) in the objective function
(14) by Qx(t)/Af for k € S and t > 0. This formulation is used in Section 8 as a benchmark to evaluate the
performance of our proposed control policy from Section 7. Under this SMDP model, control decisions—
namely, pricing, scheduling, and rejection decisions—are updated only when an order arrives, a product is

produced, or a customer abandons. We refer to these moments in time as decision epochs. Due to the
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Markovian nature of the system, the time between consecutive decision epochs is exponentially distributed.
We now describe the main components of the SMDP formulation: the state space, action space, transition

probabilities, and rewards.

State Space. We denote the system state by ¢(t) = (qx(¢t)) for ¢ > 0, where gx(t) denotes the number of

outstanding orders of product k£ at time ¢. The state space, denoted by Q, is as follows:
Q = {(qk) cqn€EZfor ke S, 0< qp < My, for k € SOUSY™ — My < qp < My, for k € SVNVITS}.

Observe that for computational feasibility, we truncate the queue length of product k for k£ € § at +Mj,
where M € N is a tuning parameter. As detailed in Appendix D.2, we use policy iteration to numerically
solve the SMDP. Due to the high memory requirement of the policy evaluation step, we can only solve the
SMDP with up to about 650 million states. In the four-product example discussed in Section 8, we use

M, =75 for kK € S. This appears to contain the likely states.

Actions. At each decision epoch, the system manager makes a decision consisting of four components
(p, s,u,0), where p is the pricing decision, s is the production decision, u is the reallocation decision, and o

is the order rejection decision.

o Pricing Decisions: The system manager chooses a price vector p = (pi ), where p denotes the price

of product k € S. The set of admissible price vectors is denoted by P = Rf .

e Production Decisions: The system manager chooses which product to produce, if any. The pro-
duction decision is denoted by s € {0} USY"™® U SY"®, where s = 0 denotes the decision to idle the

server, and s = k denotes the decision to produce product k € S™"° U SY"®.

o Reallocation Decisions: The system manager chooses whether to reallocate (or transfer) finished
goods inventory from walk-in MTS class w(k) to online MTS class k. The reallocation decision for
product k € S is denoted by up € Z, = {0,1,2...}, where ur, = [ denotes the decision to

reallocate [ units of finished goods inventory from class w(k) € SX* to class k.

e Order Rejection Decisions: The system manager chooses whether to reject (i.e., deny entry to)
the next order of product k. The rejection decision for product k € S is denoted by oy € {0, 1}, where

o = 1 indicates rejecting the order and o = 0 indicates accepting the order.
Given the description of the actions above, the action space A is given as follows:
A= {(p,s,u, 0) :peP,sc{0}US"USY™ 0e{0,1} u, €z, for ke S;“TS}.

w

Policies. A policy specifies the decision rule to be used at each decision epoch. To describe the class of

policies for the SMDP formulation, we first define the set of feasible actions at each state. Denote by A(q)
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the set of feasible actions at state ¢ € Q, given as follows:

Alq) = {(p,s,u,0) € A : s £ kif g =0for ke SV s # kif g, = — My, for k € S)™,
up < g for k € SN“:S Zjeggﬂ"s(k) uj < qp for ke S\]:iTs’

o

Ok:1iqu:MkaI‘k‘€S}.

The requirement that o = 1 if ¢, = M}, for k € S ensures that incoming orders for product k are rejected
when the queue length of product k is equal to its maximum allowable value Mj. The requirements that
s#kif g, =0for ke 8™ and s # k if g = —M, for k € S)'™ ensure that production does not occur
when the queue length of product & is equal to its minimum allowable value. Finally, the requirements that
up < qx for k € SY'™ and Zjes(l)vn"s(k) u; < q; for k € S)'™ ensure that the system manager does not
reallocate more finished goods inventory to the online classes than necessary, and does not reallocate more

from walk-in MTS class k € Sy'™® than its available finished goods inventory, respectively.

A policy is a mapping 7 : @ — A such that 7(q) € A(q) for ¢ € Q. That is, we restrict attention
to stationary Markov policies. The system manager’s problem is to choose a policy 7 that maximizes the
long-run average profit over an infinite horizon. For ease of notation, given an action a € A, we let pg(a),
Ax(a), s(a), ug(a), and og(a) denote the pricing decision, demand rate, production decision, reallocation

decision, and order rejection decision for product k, respectively.

Uniformization. As is standard in the dynamic programming literature, we apply the uniformization

technique to write the Bellman equation. To that end, let

¥ = sup ZAk(p) + max{pux : k € SMTCUSY} + Z 0. My, < oo,
PEP kes k€Sw

which serves as an upper bound on the transition rates. In the uniformized SMDP, the time between
two consecutive events is exponentially distributed with rate ¥. After each event, an action a € A(q)
is chosen, where ¢ € Q denotes the state immediately following the event. The action is not updated
until the subsequent event. Under action a € A(q), the next event corresponds to the arrival of an order
for product k € S with probability A(a)/¥, the production of product s(a) (provided s(a) # 0) with
probability jisq)/¥, the abandonment of a customer from class k& € S,, with probability Ekq,': /¥, and a

fictitious transition otherwise, in which case the system state remains the unchanged.
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Transition Probabilities. In the uniformized SMDP, the probability of transitioning from state ¢ € Q

to state ¢’ € Q at the next event under action a € A(q) is given as follows:

Ar(a)lio, (a)=0y/ ¥, if ¢ =q*+er, k€S,
Dkes M@)o, )=13/¥, i ¢ =q% ¢" #q,
Poa) = (1L is)=k} + eqi)/ 9, if ¢ =q" —ex, k€S, )
kL gs(a)=ky /Y, if ¢ =q% —ex, k€ SN
1 *Zq;ﬁq Pyg(a), if¢ =g,
0, otherwise,

where e, € RE for k € S denotes the standard unit basis vector whose kth component equals one and
all other components equal zero, ¢* = q + Zkesg”s ug(a)(ewk) — ex) denotes the intermediate state in
which reallocation decisions are implemented, and pg := 0. Note that the reallocation decisions are taken
and implemented (i.e., products are reallocated) at the decision epochs, namely when a customer order
arrives, a product is produced, or a walk-in customer abandons. Although the system state may change
after a reallocation decision is implemented, the system manager is not permitted to take another action

(e.g., reallocate additional products) until the next decision epoch.

Rewards. The (one-stage) expected reward, i.e., the expected reward earned until the next event, at

state ¢ € Q under action a € A(q) is given by

Ak(a Ar(a
R(ga) = Y~y ) (pk(a) = (m +7"k)]1{ok<a>:1}) - \15 Loutat /5 = 0k) L or(a)=0}
keS keS
. Hs(a

Cklap]* lg7]~
T D Lty — D (b dy) — > ey (176)
keESw keSMTS

Here, the first term denotes the expected revenue, the second term serves as a surrogate for the earliness
and tardiness costs, the third term captures the expected production cost, the fourth term accounts for the

expected abandonment cost, and the last term represents the expected holding cost.

Bellman Equation. Next, we introduce the Bellman equation for long-run average cost dynamic pro-
gramming problems, which characterizes an optimal policy:

v+ fla) = sw {R(g,a) + ) Pu(a)f(d)}, q€Q

a€A(q) =Ye)

Here, v € R is often interpreted as a guess at the optimal long-run average expected profit. The function
f: Q@ — R is often called a relative value function in average cost dynamic programming. It is easy to see
that the relative value function can only be determined up to an additive constant, even if v is treated as a

known constant. Therefore, we set f(eg) = 0, where eg = (0, ...,0).
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D.2 Solving the Semi-Markov Decision Process Formulation

This section describes the policy iteration algorithm used to solve the Bellman equation for the SMDP
formulation. To initialize the algorithm, we set 7y := 0 and consider an initial policy 7wy that makes the
following pricing, rejection, production, and reallocation decisions. First, it uses the price vector A=1(\*) for
all products. Second, it accepts all product k € S orders except when gy = My, in which case the order is
rejected. Third, it produces the product k € S USY™® with the largest backlog among the products that
have a backlog; if no product has a backlog, no production occurs. Finally, for each k € S)'™, it reallocates
[gr — A*05]™ units of class w(k) inventory to class k. If the available walk-in MTS inventory is insufficient to
satisfy all reallocation decisions, the system manager prioritizes the online MTS products in ascending order
of their index of their product class. Starting with the initial policy 7y, we iteratively derive policies m; for

i € N as follows:

Policy Evaluation. Given the policy m;_1 : @ — A, we solve for the function f;_; : @ — R and the

scalar v;,_1 € R that satisfy
Yot + fi-1(a) = R(g,m-1(9) + ) Pag(mio1(a)) fir(d), a€Q, (177)
q'eQ
along with the condition f;_1(eg) = 0. Equation (177) corresponds to a sparse system of linear equations,

which we solve using the BICGSTAB iterative sparse solver from the C++ library Eigen.

Policy Improvement. Given the function f;_; : @ — R, we define the updated policy m; : @ — A as
follows:

mi(q) = argmaX{R(q, a) + Z Py (a)fi—1(q/)}, qge Q. (178)
ac€A(q) qeQ

Termination. The algorithm terminates when the actions under the policy m; are sufficiently close to
those under the previous policy m;_1. To be specific, given an error threshold € > 0, we repeat the policy

evaluation and policy improvement steps until, for some ¢ € Z, we have

[pr(mi(a)) — pr(mic1(@)] < € s(mi(@) = s(mi-1(q)), ur(mi(q)) = ur(mi-1(q)), ox(mi(q)) = o(mi-1(q))

forallge Qand k € S.

To facilitate the computation of the updated policy 7;, we show that, given the reallocation decisions, the
updated pricing, rejection, and production decisions can be easily characterized. To simplify the analysis,
we first write out the definition of the updated policy ;. Specifically, substituting (175)—(176) into (178)

and removing terms independent of the actions yields the following:

Aw(p o /yx
mi(q) = argmax { Z % (Pk — (W +78) L gop =13 — V(qk/As — 0k)L{0, =0}
(p:s,u,0)€A(Q) ~ cs
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+ (Fima (0" + en) = Fim1 (@) Logmoy + (fim1(6") = fi-1(0) Loy )

al+ al—
+ Z Ek[?;] (= (dr+ )+ firr(¢" —ex) — fim1(q)) — Z it
kESw kesMTS
+ 2 (v + fimala® = e) = i1 (@) Lpopoy |, 4€Q. (179)

The following three lemmas characterize the production, rejection, and pricing decisions given the reallocation
decisions. Then, using a simple search over the finite set of feasible reallocation decisions, we obtain the

updated reallocation decisions and, consequently, the updated production, rejection, and pricing decisions.

Lemma 24. Given the reallocation decisions, the updated production decision at state g € Q is given by

s(mi(q)) = argmax %(— Vs + fic1(q® — €s) = fi=1(q)) Liszoy-
s€{0} U {kesMT: ¢, >0}
U {keSMTS: qp>— My}

Proof. The production decision s at state ¢ € Q only impacts the last term on the right-hand side of
(179). Therefore, given the reallocation decisions, the updated production decision can be characterized
independently of the other decisions and is the maximizer of the last term on the right-hand side of (179),

which yields the result. O

Lemma 25. Given the reallocation decisions, the updated rejection decision for product k € S at state ¢ € Q

is given by

0, if fic1(q® +ex) —ve(q /N — 0k) > fim1(q®) — (Ve +7k) and g < My,

or(mi(q)) =
1, otherwise.

Proof. The rejection decision oy for product k only impacts the kth term on the right-hand side of (179).
Moreover, since Ag(p) > 0 for all p € P and k € S, the updated prices do not impact the updated rejection
decisions. Therefore, the updated rejection decision oy for product k € S at state ¢ € Q satisfies
or(mi(q)) = argmax { — (v + %) Lop=1} — Vk(qh /A — k) 1 {o,—0}
0, €0(q)

+ (fic1(q® +er) = fim1(a™)Lgop=oy + (fi—1(¢*) = fim1(@)) Liop=13 },

where Oy (q) = {1 — 14, <nm,}, 1} denotes the set of feasible rejection decisions for product k at state g. The
result follows by comparing the two expressions corresponding to o = 0 and o, = 1, and selecting the value

that yields the larger objective. O

Lemma 26. Given the reallocation decisions, the updated pricing decisions at state ¢ € Q are given by

p(mi(q)) = argmax Y Ax(p) (px — 21(9)),
PEP  kes
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where, for k € S and q € Q,
2k(q) = (v + 7% — fim1(0") Yop(mi(a=13 + (Ok(a/Ns — 0k) — fim1(¢® + €x)) Liog(mi(a))=0r + fi—1(q)-

Proof. The pricing decision p at state ¢ € Q only impacts the first k terms on the right-hand side of (179).
Therefore, given the updated reallocation and rejection decisions, it follows that the updated pricing decision

is characterized by the optimization problem in the statement of the lemma. O

Following the approach outlined in Gallego and Wang (2014, Section 2), we reformulate the optimization
problem in Lemma 26 as a one-dimensional convex optimization problem. We then solve the reformulated

problem using the Brent algorithm (Press, 2007).

In summary, for each feasible reallocation decision at each state, we obtain the updated production,
rejection, and pricing decisions as discussed above. Then, we iterate over the feasible reallocation decisions

to find the updated reallocation decisions and, consequently, the updated policy; see (179).

D.3 Supplementary Results

This section presents some supplementary results for the simulation study described in Section 8. Table 1
reports the prices used in the base case by the various policies. Tables 2-7 report the long-run average cost of
the various policies and their gap from the SMDP benchmark. Specifically, we conduct a sensitivity analysis
in which one model parameter is varied at a time, while all others are held fixed at their base case values.
The parameters varied include the system load factor, the magnitude of the state costs, the nominal MTS
demand, the nominal online demand, and the abandonment rate. The procedure by which each parameter

is varied is described in Section 8.3.

Table 1: Comparative evaluation of the prices used in the various policies under the base case. Reported
values are the means and the 95% confidence intervals (reported inside the parentheses). The nominal static
price vector is p* = (1.0, 1.0, 1.0, 1.0).

Product Class
Walk-in MTO Walk-in MTS Online MTO Online MTS

SMDP Policy, Dyn. Prices 1.026 1.010 1.027 1.009
(1.000,1.096) (1.000,1.039) (1.005,1.108) (1.000,1.039)

BCP Policy, Dyn. Prices 1.025 1.011 1.025 1.011
(1.000,1.101)  (1.000,1.042) (1.000,1.101) (1.000,1.042)

BCP Policy, Online-Only Dyn. Prices 1.033 1.013 1.029 1.013
(1.000,1.133) (1.000,1.056)

SMDP Policy, Static Prices 1.047 1.019 1.047 1.019

BCP Policy, Static Prices 1.049 1.019 1.049 1.019
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Table 2: Comparative evaluation of the long-run average cost of the various policies, varying only the load
factor. The reported values are sample averages; the standard errors for the long-run average costs and the
gaps from the SMDP benchmark are less than or equal to 0.01 and 1.5%, respectively.

Load Factor

090 095 097 1.0 1.03 1.05 1.07 1.1

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 0.14 0.20 0.24 0.32 0.44 0.56 0.70 0.95
BCP Policy, Dyn. Prices 0.14 020 024 032 045 057 071 097
BCP Policy, Online-Only Dyn. Prices 0.16  0.23  0.27  0.37  0.52 0.65  0.81 1.10
SMDP Policy, Static Prices 0.16 0.23 0.31 0.44 0.64 0.80 0.99 1.34
BCP Policy, Static Prices 0.16 024 031 045 065 081 1.00 1.36
Gap from the SMIDP Benchmark
BCP Policy, Dyn. Prices 1.3% 1.1% 11% 1.0% 1.7% 1.9% 1.8% 1.8%
BCP Policy, Online-Only Dyn. Prices 14.3% 12.7% 13.4% 15.5% 17.9% 17.5% 16.0% 15.3%
SMDP Policy, Static Prices 9.8% 16.8% 29.2% 39.6% 44.2% 44.2% 42.7% 40.5%
BCP Policy, Static Prices 15.2% 20.6% 30.2% 41.8% 45.7% 44.7% 43.7% 42.9%

Table 3: Comparative evaluation of the long-run average cost of the various policies, varying only the
magnitude of the state (earliness, tardiness, and holding) costs. The reported values are sample averages;

the standard errors for the long-run average costs and the gaps from the SMDP benchmark are less than or
equal to 0.01 and 1.5%, respectively.

Magnitude of the State Costs

0.01 0.03 0.05 0.07 0.1 0.12  0.15 0.2

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 0.12 023 032 040 051 059 069 0.88
BCP Policy, Dyn. Prices 0.12 0.23 0.32 0.41 0.53 0.60 0.71 0.90
BCP Policy, Online-Only Dyn. Prices 0.13 0.26 037 047 059 0.69 0.81 1.01
SMDP Policy, Static Prices 0.17 032 044 055 069 0.78 089 1.10
BCP Policy, Static Prices 0.17 033 045 0.55 0.70 0.78 0.90 1.12
Gap from the SMDP Benchmark
BCP Policy, Dyn. Prices 1.2% 1.7% 1.0% 1.0% 3.1% 2.0% 23% 2.2%
BCP Policy, Online-Only Dyn. Prices 12.8% 13.5% 15.5% 15.9% 15.6% 17.7% 17.1% 14.8%
SMDP Policy, Static Prices 41.5% 40.3% 39.6% 36.7% 34.2% 32.4% 28.8% 25.9%
BCP Policy, Static Prices 47.5% 43.5% 41.8% 37.6% 35.5% 33.4% 29.3% 27.4%
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Table 4: Comparative evaluation of the long-run average cost of the various policies, varying only the fraction
of (nominal) demand that chooses the MTS good. The reported values are sample averages; the standard
errors for the long-run average costs and the gaps from the SMDP benchmark are less than or equal to 0.01

and 1.5%, respectively.

Nominal MTS Demand

0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 038 036 035 033 032 030 027 025 0.22

BCP Policy, Dyn. Prices 038 037 035 034 032 030 028 026 0.23

BCP Policy, Online-Only Dyn. Prices 0.43  0.42 0.41 0.39 0.37 035 0.33 0.29 0.26

SMDP Policy, Static Prices 0.52 0.51 048 047 044 042 039 036 0.32

BCP Policy, Static Prices 0.52 0.51 049 047 045 042 039 036 032
Gap from the SMDP Benchmark

BCP Policy, Dyn. Prices 02% 09% 15% 06% 1.0% 26% 2.0% 18% 25%

BCP Policy, Online-Only Dyn. Prices 15.4% 14.2% 16.2% 15.5% 15.5% 18.5% 20.5% 16.8% 17.4%

SMDP Policy, Static Prices 38.5% 39.4% 38.6% 39.3% 39.6% 41.2% 43.7% 44.5% 46.3%

BCP Policy, Static Prices 38.9% 41.2% 40.9% 39.9% 41.8% 41.9% 44.2% 44.1% 46.8%

Table 5: Comparative evaluation of the long-run average cost of the various policies, varying only the fraction
of (nominal) demand that chooses the online channel. The reported values are sample averages; the standard
errors for the long-run average costs and the gaps from the SMDP benchmark are less than or equal to 0.01

and 1.5%, respectively.

Nominal Online Demand

0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 0.51 044 039 035 032 030 029 027 0.26

BCP Policy, Dyn. Prices 0.51 044 039 035 032 031 029 028 027

BCP Policy, Online-Only Dyn. Prices 0.62  0.53 0.46 041 0.37 034 0.32 0.29 0.27

SMDP Policy, Static Prices 0.63 056 051 047 044 042 040 038 0.36

BCP Policy, Static Prices 0.64 057 051 047 045 043 041 038 0.36
Gap from the SMDP Benchmark

BCP Policy, Dyn. Prices 08% 02% 05% 1.1% 1.0% 15% 1.6% 2.0% 1.9%

BCP Policy, Online-Only Dyn. Prices 22.9% 21.2% 19.4% 17.6% 15.5% 13.1% 9.8% 59% 2.6%

SMDP Policy, Static Prices 25.0% 27.9% 31.5% 35.3% 39.6% 40.1% 40.1% 38.9% 37.3%

BCP Policy, Static Prices 26.6% 29.0% 32.4% 36.3% 41.8% 41.3% 41.1% 39.2% 37.7%
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Table 6: Comparative evaluation of the long-run average cost of the various policies, varying only the
abandonment rate (of the walk-in channel). The reported values are sample averages; the standard errors
for the long-run average costs and the gaps from the SMDP benchmark are less than or equal to 0.01 and
1.5%, respectively.

Abandonment Rate

0.0 0.5 1.0 1.5 2.0 25 3.0

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 0.32 0.54 0.72 0.89 1.06 1.21 1.36
BCP Policy, Dyn. Prices 0.32 0.55 0.74 092 1.09 126 1.43
BCP Policy, Online-Only Dyn. Prices 0.37 0.58 0.77 0.94 1.11 1.28 143
SMDP Policy, Static Prices 0.44 0.64 0.82 098 1.14 1.29 1.43
BCP Policy, Static Prices 0.45 0.65 0.82 0.99 1.15 1.31 147
Gap from the SMDP Benchmark
BCP Policy, Dyn. Prices 1.0% 1.8% 2.6% 2.9% 3.7% 4.2% 5.2%
BCP Policy, Online-Only Dyn. Prices 15.5% 7.9% 6.7% 5.8% 5.5% 5.8% 5.4%
SMDP Policy, Static Prices 39.6% 19.4% 14.4% 10.4% 7.8% 6.5% 5.5%
BCP Policy, Static Prices 41.8% 19.9% 14.2% 11.0% 9.4% 8.4% 8.2%

Table 7: Comparative evaluation of the long-run average cost of the various policies, varying only the
correlation parameter of the nested logit demand model. The reported values are sample averages; the
standard errors for the long-run average costs and the gaps from the SMDP benchmark are less than or
equal to 0.01 and 1.5%, respectively.

Nested Logit Correlation Parameter

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Long-Run Average Expected Cost

SMDP Policy, Dyn. Prices 0.26 028 029 030 030 031 031 031 032 0.32
BCP Policy, Dyn. Prices 0.27 028 0.30 0.31 0.31 0.31 032 032 032 0.32
BCP Policy, Online-Only Dyn. Prices 0.28 0.32 0.34 034 035 036 036 0.37 0.37 0.37
SMDP Policy, Static Prices 032 037 040 041 042 042 043 043 044 044
BCP Policy, Static Prices 032 037 040 041 042 043 043 044 044 045
Gap from the SMIDP Benchmark
BCP Policy, Dyn. Prices 1.5% 1.5% 2.0% 2.9% 21% 1.3% 1.5% 1.6% 0.7% 1.0%
BCP Policy, Online-Only Dyn. Prices 7.9% 14.1% 15.4% 14.2% 17.2% 16.7% 16.5% 17.9% 15.4% 15.5%
SMDP Policy, Static Prices 21.1% 31.7% 35.8% 35.9% 37.6% 37.3% 38.9% 39.3% 38.1% 39.6%
BCP Policy, Static Prices 21.4% 32.1% 36.6% 36.7% 38.0% 39.6% 39.7% 39.9% 39.1% 41.8%
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